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Foreword 


There are many books on the subject of electronic circuits. Most of them 
are texts; they emphasize the broad principles and analysis of many classes 
of circuits in a manner suited to a first- or second-year college course. 
Armed with these fundamentals, the electronic engineer in his first job 
finds himself faced with the task of designing a circuit to perform a required 
function—and soon discovers that the information in his favorite texts is 
not enough. He must resort to searching through an immense backlog of 
technical journals to learn how the fundamental circuits are augmented and 
modified for practical applications. 

Books which expound the principles of circuits, and methods for their 
analysis, are, of course, essential prerequisites to an engineering education. 
At the same time there is a great need for more books, useful to the graduate 
engineer, that assume the fundamentals and carry the design of electronic 
circuits to their practical realization in instruments and equipment to per- 
form required functions. The vast engineering development work 
described in the technical journals, scattered in both time and space, must 
be distilled; comparisons between various modifications evaluated; relative 
merits of one configuration over another investigated; and, most importantly, 
the inevitable engineering compromises recognized and discussed. 

The Wiley Monograph Series on Electronic Circuits is intended to fill 
the gap between circuit principles and practical design in certain selected 
areas. Since the requirements of the various areas differ, it is neither 
possible nor desirable to lay down a specific approach or format for each 
monograph in the series. However, 1 hope that each monograph will 
serve the practicing design engineer as a survey, a text, and a manual fora 
particular class of circuits. 

R. D. Mipptesrook 
Series Epiror 

Division of Engineering and Applied Science 

California Institute of Technology 

December, 1962 
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Differential amplifiers, also known as difference amplifiers, cathode- 
or emitter-coupled amplifiers, and push-pull amplifiers, are frequently 
employed in several branches of instrumentation. Differential amplifiers 
possess in general a three-terminal input and a three-terminal output, and 
it is usual to describe their performance with respect to common-mode 
(CM) and differential-mode (DM) signals. Mauch of the early work on 
differential amplifiers was for application to biological instrumentation, in 
which it was necessary to amplify very small DM signals to the exclusion 
of large interference CM signals. These instruments used vacuum tubes 
exclusively. Later, the availability of improved transistors led to the 
development of high-performance solid-state d-c differential amplifiers for 
use in telemetry and other signal-conditioning systems. Because of the 
almost complete isolation of the histories of vacuum-tube and transistor 
differential amplifiers, there is a need to integrate the theories of the two 
classes and to apply the principles learned over the years with tube ampli- 
fiers to modern high-performance solid-state circuits. 

The three-terminal nature of both input and output of differential 
amplifiers requires the definition of more parameters to describe their 
performance than are necessary for the more familiar type of amplifier in 
which one input and one output terminal are grounded. Thus one defines, 
among other quantities, a DM gain, a CM gain, and DM and CM input 
impedances. Since the primary purpose of a differential amplifier is to 
amplify DM but not CM signals, it was early recognized that the ratio of 
the DM gain to the CM gain, called the discrimination factor, should be 
large. However, it became apparent that there are also other important 
effects, which arise from interaction between the DM and CM signals. 


vii 


viii Preface 


These effects are due to magnitude unbalances in the circuit symmetry and 
are described by additional performance parameters, such as the DM-to-CM 
and CM-to-DM transfer gains, the CM and DM rejection factors, and the 
power supply rejection factors. 

One objective of this monograph is to clarify and define the important 
performance parameters of a differential amplifier. A differential amplifier 
is an example of a symmetrical circuit, and if the circuit is balanced the 
bisection theorem may be invoked to permit separate analysis for CM and 
for DM signals. If the circuit is unbalanced, however, the analysis becomes 
in general much more complicated. Another objective of this monograph 
is to develop an analysis technique whereby the effects of small percentage 
unbalances in the circuit symmetry may be incorporated through an exten- 
sion of the bisection theorem. The method is called “sequential” since 
the analysis is broken down into a series of individually simple steps and 
thus affords reasonable algebraic simplicity in the solution of even quite 
complex circuits. 

I hope that the material will be of broad interest to those concerned with 
general electronic-circuit design and with general circuit analysis techniques. 
The material will also be of specific interest to those directly concerned 
with the analysis and design of differential amplifiers, since the philosophy 
and the methods treated in detail are applicable to a wide variety of practical 
amplifiers. 

The properties of differential amplifiers and the analysis technique for 
unbalanced symmetrical circuits are illustrated by application to two 
specific transistor circuits. The first is a basic single-stage d-c differential 
amplifier, and the second is a more sophisticated two-stage d-c differential 
amplifier with common-mode negative feedback. These circuits are 
chosen not only because they are convenient vehicles for the discussion, 
but also because they are important in their own right for practical appli- 
cations. Typical numerical values are employed for the circuit com- 
ponents in order to illustrate the considerable effects that even small 
unbalances can have on the circuit performance parameters and to facilitate 
comparison between the two particular amplifier circuits chosen for dis- 
cussion. Since these effects are numerous and complex, attention is given 
throughout to the problems of ensuring that the algebra remains under 
control and of expressing the equations in physically interpretable forms. 
Although at first glance some of the equations may appear formidable, they 
are merely long rather than complex, and the terms are easily identified. 

Although only two specific amplifier circuits are treated in detail, the 
sequential method is applicable in general to the analysis of symmetrical 
circuits of any kind, and it permits the treatment of small unbalances in 
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vacuum-tube or transistor d-c or a-c differential amplifiers to be conducted 
on a straightforward yet comprehensive basis. 

It is impossible, as always, to acknowledge indebtedness to all those who 
contribute to a book in real but unseen ways. Special thanks are, however, 
due to Microdot Inc., South Pasadena, California, who provided me the 
opportunity to work with direct-coupled d-c amplifiers. My wife, 
Frances, who gave me constant encouragement through many nights and 
weekends of work, is responsible for the completion of the monograph in 
so short a time. My secretary, Cynthia Markiewicz, who battled suc- 
cessfully with some of the worst equations she has ever seen, contributed 
tangibly to the accuracy of the manuscript, and any remaining errors are 

i responsibility. 
a iil te R. D. Mippiesroox 

Division of Engineering and Applied Science 

California Institute of Technology 

Pasadena, California 

December, 1962 
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Differential Amplifiers 


Chapter One 


The nature of differential amplifiers 


Differential amplifiers constitute a special class of circuits whose function 
is to amplify the difference between two signals, regardless of their indi- 
vidual values. Considerable impetus was given to the development of 
vacuum-tube differential amplifiers by their suitability for biological meas- 
urements, and more recently transistor differential amplifiers have assumed 
importance in telemetry applications. The purpose of this monograph is 
threefold: First, to clarify and define the properties of differential ampli- 
fiers in general; second, to develop a method for their analysis, in order to 
provide a useful foundation for design; and third, to illustrate their proper- 
ties and the analysis method through consideration of some specific, and 
practical, transistor d-c differential-amplifier circuits. 

The three objectives are to some extent approached concurrently, in that 
the specific examples are used both to establish the basic properties of dif- 
ferential amplifiers and to introduce and illustrate the analysis method. 
Nevertheless, the analysis techniques and the performance properties are 
applicable not only to differential-amplifier circuits in particular, but also 
to the more general class of symmetrical circuits, so called because they can 
be topologically divided into two mirror-image parts. A bridge network 
is an example of a passive symmetrical circuit; active symmetrical circuits 
include not only differential amplifiers as such, but also push-pull ampli- 
fiers and cathode- or emitter-coupled amplifiers which constitute parts of 

circuits. 

The need for differential amplifiers is established in Section 1.1 through 
consideration of two typical instrumentation systems. In Sections 1.2 and 
1,3 the historical development of differential-amplifier theory is traced with 
a simple vacuum-tube example. The various properties of a differential 


2 Differential Amplifiers 
amplifier are introduced, with emphasis on those related to circuit unbal- 
ances. Finally, in Section 1.4, the analysis problem of differential ampli- 
fiers is summarized, and the steps to be followed for its solution in the later 
chapters are outlined. 


1.1 The Need for Differential Amplifiers 


An amplifier possesses in general three sets of terminals: An input ter- 
minal pair, an output terminal pair, and a terminal pair at which operating 
power is supplied. In most amplifiers one terminal of each pair is connected 
toa. common point, usually considered to be at “zero” or “ground” potential. 
Such an amplifier is said to have a “single-ended input” and a “single-ended 
output.” In certain applications, however, an amplifier with single-ended 
input is not satisfactory. It is necessary instead that neither input terminal 
be grounded, in which case the amplifier is said to have a “floating input.’”” 
An amplifier that provides an output proportional to the difference between 
the signals at the two terminals of an input floating with respect to ground, 
while preventing any output arising from a signal which is common to the 
two input terminals, is called a “difference” or “differential” amplifier. 
The need for differential amplifiers may be understood from the following 
two examples. 

Electroencephalography is the study and interpretation of electrical 
potentials that occur on the surface of the brain. In the usual technique" 
several electrodes are placed at various points on the scalp, and the poten- 
tial differences between pairs of electrodes are amplified and recorded for 
examination. A given pair of electrodes constitutes a signal source, and 
may be represented by a voltage generator and a series resistance. The 
voltage is the quantity of interest, and the series resistance is the sum of 
the physiological resistance between the electrodes, the contact resistance 
of each electrode, and the electric-circuit resistance. A functional diagram 
of an instrumentation system using a single-ended input amplifier is shown* 
in Fig. 1. 

Unfortunately, completely spurious results are likely to be obtained at 
the amplifier output because of interference introduced within the signal 
source, The most serious source of interference is 60-cps potentials, which 
are inevitably present in typical surroundings, and which are coupled into 
the amplifier input circuit through the fairly high, and variable, source 


* For convenience in reference, all the figures and tables are collected at the end of 
the text, 
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resistance. Interference currents flowing round the loop indicated in Fig. 
1 can develop input voltages to the amplifier that completely swamp the 
few tens of microvolts which constitute the desired signal. 

To alleviate the interference problem it is necessary to employ an ampli- 
fier with a floating input, as shown in Fig. 2. If the impedance of each 
input terminal to ground is sufficiently high, the interference voltage is not 
able to inject a significant signal into the input loop. It may be noted that 
the amplifier, in addition to having high impedance at both input terminals, 
must also be capable of ignoring the interference voltage which appears at 
both input terminals simultaneously. Much of the early work on differ- 
ential amplifiers was stimulated by the requirements of instrumentation for 
electroencephalography. 

A second example of the need for differential amplifiers may be found 
in the field of physical measurements. It is often important to know the 
mechanical strain to which a metal structure is subjected, and one way to 
determine this is to attach a strain-gauge bridge to the metal surface.? 
Measurement of the strain in a rocket engine casing is a typical use, and 
in this case the associated amplifier will be in a blockhouse some distance 
away. A strain-gauge bridge consists of four resistances in a bridge con- 
figuration, and one or perhaps two of the resistances are strain sensitive. 
‘The bridge is activated by a d-c supply voltage, and the voltage developed 
between the other pair of bridge terminals is a function of the strain to be 
measured. Since one terminal of the bridge supply voltage is grounded, it 
follows that neither terminal at which the bridge output voltage appears 
may be grounded; otherwise one of the bridge arms would be shorted out. 
It is therefore necessary that the amplifier to which the bridge is connected 
have floating input terminals. A functional diagram of the system is shown 
in Fig. 3. 

Interference voltages are also a serious problem in strain-gauge instru- 
mentation. Because of the distance between the bridge and the amplifier, 
the bridge “ground” is rarely at the same potential as the amplifier ground, 
and an interference voltage due to “ground loop” currents may be repre- 
sented as in Fig. 3. The interference signal may be of several volts magni- 
tude and may contain large 400-cps components, since the frequency of the 
prime power in such installations is often 400 cps. It is again clear that 
the differential amplifier must have high impedance to ground from both 
input terminals, must also be capable of suppressing large voltages common 
to both input terminals, and at the same time must amplify the few milli- 
volts between the input terminals that result from the desired bridge signal. 

We consider next some basic amplifier circuits that are suitable for appli- 
cations of the variety we have described. 
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1.2 Properties of the Basic Differential Amplifier as a 
Balanced Symmetrical Circuit 


We have seen that a basic requirement of differential amplifiers is an 
input floating with respect to amplifier ground. At first sight it seems as 
though an adequate solution would be to provide a transformer-coupled 
input to an ordinary single-ended amplifier stage, such as a simple grounded- 
cathode vacuum-tube circuit. However, this solution is generally not satis- 
factory, because the input signals to be amplified often include d-c voltages, 
or at least frequencies so low that transformer coupling becomes impractical. 
It is moreover difficult to maintain sufficiently high input impedances with 
a transformer. 

An alternative solution is to amplify individually the signal at each input 
terminal with respect to ground. The basic circuit is shown in Fig. 4 (bias 
arrangements are omitted). This amplifier is of the floating-input, floating- 
output type, and hence there are two classes of input and output signals: 
Common-mode (inphase), and differential-mode (antiphase). The com- 
mon-mode (CM) signal is defined as the average of the voltages of the two 
terminals with respect to ground, or half their sum; the differential-mode 
(DM) signal is defined as half their difference. In the circuit of Fig. 4, as 
Jong as the two halves are exactly similar, the DM output is related only 
to the DM input and is independent of any CM input. Similar remarks 
apply to the CM output. We may hence define a CM gain and a DM gain; 
for this circuit they are equal. 

The simple circuit of Fig. 4 is in principle suitable for amplifying signals 
from sources like those previously described. It should be noted, however, 
that the floating output must be used, and that the two halves of the circuit 
must be exactly balanced. In addition, the magnitude of the CM signal 
must be small enough to avoid overloading and consequent distortion of the 
CM signal. This effect can be particularly troublesome if several stages 
of the type in Fig. 4 are used in cascade, and it is aggravated by the fre- 
quent occurrence of CM signals at the source which may be several orders 
of magnitude larger than the desired DM signal. 

In order to alleviate overloading problems it is desirable to reduce the 
CM gain of the amplifier without affecting the DM gain. One of the ear- 
liest modifications to the basic circuit was suggested by Offner,? who 
described a method of applying CM negative feedback to the input grids. 
An even simpler circuit modification, which leads to the same result, is to 
provide a common resistance between the two cathodes and ground, as 
shown in Fig. 5. This “cathode-coupled” amplifier is a very versatile 
circuit and is worth examining in some detail. 


The Nature of Differential Amplifiers 5 


The qualitative performance of the circuit of Fig. 5 may best be under- 
stood by considering the separate application of DM and CM input signals. 
We assume for the present that the two tubes are identical and that the 
load resistances are equal. If a DM input signal is applied, input terminal 
a goes “up,” and terminal b goes “down” by an equal amount. With the 
assumption of linear tube operation, the plate currents of the tubes respec- 
tively increase and decrease from their equal quiescent values, and these 
changes precisely cancel out in the cathode coupling resistance. The out- 
put voltages go “down” and “‘up” by equal amounts, and the DM gain of 
the amplifier is the same as the gain of each individual tube because the 
cathodes are at virtual ground. Ifa CM input signal is applied, both input 
terminals go “up” together, and both plate currents increase by equal 
amounts. These changes are additive in the cathode coupling resistance, 
and a negative feedback voltage is developed across it. The CM gain of 
the amplifier is therefore equal to that of each individual tube in the presence 
of cathode degeneration corresponding to a resistance twice the cathode 
coupling resistance. The factor 2 occurs because both plate current incre- 
ments flow through this resistance. It is seen that the desired effect 
of making the DM-gain-to-CM-gain ratio greater than unity has been 
achieved. 

The inherent discrimination of the circuit of Fig. 5 against common-mode 
in favor of differential-mode input signals leads to the name “differential 
amplifier.” It is the basic circuit configuration, with numerous modifica- 
tions, to be considered in the later chapters. It is appropriate to begin our 
analytical work by verifying the qualitative description of the circuit per- 
formance we have given. 

The incremental equivalent circuit of the differential amplifier of Fig. 5 
is shown in Fig. 6, Exact similarity of the two halves is retained, and for 
simplicity only a-c quantities are considered. Each tube is represented by 
the conventional low-frequency equivalent circuit containing the amplifica- 
tion factor u and the plate resistance rp. The two input voltages are Va 
and v, and the two output voltages are V4q and 4, all defined with respect 
toa-c ground. Weare interested in how the CM and DM output voltages, 
(1a + Vp)/2 and (1a — Vy)/2 respectively, and the individual output 
voltages Vig and v4, depend on the input voltages v, and v. Straight- 
forward analysis of the circuit of Fig. 6 leads to the following results: 


( + 1) Baas wRi (* as ) (1) 
Ri +1) + 2R(V +2) 7 


2 


(1.2) 
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The results are expressed in terms of the CM and DM input voltages, 
rather than in terms of their individual values, to emphasize the condition 
that the CM operation can be considered quite independently of the DM 
operation. 

The CM gain A-, and the DM gain Agg may be identified from Eqs. 
1.1 and 1.2 as 

»Ry 
Pe 
“"Ri tr + 2k +H) ee 


wR, 
4u= Ry z (a) 
These expressions verify the qualitative conclusions that the DM gain is 
that of one tube alone, whereas the CM gain is that of one tube degen- 
erated by twice the cathode coupling resistance. 

By direct addition and subtraction of Eqs. 1.1 and 1.2 expressions for 
the individual output voltages may be obtained: 


Pena oe (4) wih (3) (5) 


ma = 
Un = —Ace ¢ ; *) + daw (34) (1.6) 


One important inference from these results is that both output voltages vq 
and vy, are present even if only one input voltage vq or v% is applied. In 


particular, if 7 = 0, 
Aaa + A, 
VU. = — (44) Un (1.7) 


‘Aaa — A, 
vwp=+ (445) Va (1.8) 
If the CM gain Ace is much less than the DM gain Aya, as can be achieved 
by making R large, the two output voltages v1q and v4, tend to be equal in 
magnitude and opposite in phase in response to the input voltage vq. This 
Property of the circuit leads to its employment as a “cathode-coupled phase 
inverter,” whose function is to provide a floating antiphase output from a 
single-ended input. A common use of a phase inverter circuit is as a driver 
for a push-pull audio power amplifier, and it may be noted that the basic 
differential amplifier of Fig. 5 may also be used as a push-pull stage. Usu- 
ally, of course, the separate load resistances are replaced by a single load 
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resistance coupled to both anodes through a transformer with center-tapped 
primary. One function of the transformer in this application is to convert 
the floating output of the amplifier into a single-ended output, and its use 
is possible since frequency response is not required down to d-c. 

In the more general application of the differential amplifier, in which both 
CM and DM input voltages are present, we have seen, by Eq. 1.2, that the 
DM output is a function only of the DM input. In many cases it is possible 
to utilize the floating output directly, as in electroencephalographic work 
where the ultimate electrical load is the drive coil of a pen recorder. In 
many applications, however, it is necessary to have available a single-ended 
output, as in telemetry work where the amplifier output is to be connected 
to a single-ended input device such as a multiplexer or a subcarrier oscillator. 
The basic differential amplifier of Fig. 5 is capable of supplying a single- 
ended output, if the output is considered to be between one output terminal 
and ground. It is nevertheless seen from Eq. 1.5 that the corresponding 
single-ended output voltage v4 (or vy») contains components due both to 
the CM and to the DM input signals. To minimize the undesired CM com- 
ponent it is obviously necessary to employ a large DM-to-CM gain ratio 
Aja/ Ace. This reason for requiring a large gain ratio is in addition to that, 
previously mentioned, of avoiding overloading effects. 

The ratio of the DM gain to the CM gain, Aga/Ace, is an important 
parameter of a differential amplifier and is called the “discrimination factor.” 
The desired large value of the discrimination factor can be achieved by using 
a large value of cathode coupling resistance R. There are practical limi- 
tations on the magnitude of R, however, because of the quiescent d-c volt- 
age drop across it; the larger the value of R, the larger the negative supply 
voltage at the bottom end of R needed to maintain the cathodes at near- 
ground potential. A very elegant way of obtaining a high effective 
(dynamic) value of R, while retaining a comparatively low d-c voltage 
drop, has been suggested by Goldberg. The modification consists of 
replacing the resistance R by a “constant-current” pentode tube, preferably 
with cathode degeneration from a resistance R,, as shown in Fig. 7. The 
inherently high plate resistance rp’ of the pentode is increased to an effec- 
tively even higher value closely equal to rp’(1 + gm'Rx), where gm’ is the 
transconductance of the pentode. 7 

Before proceeding further, let us consider a numerical example, in order 
to obtain an idea of the magnitudes involved in a typical circuit. Suppose 
that the parameters in the differential-amplifier circuit of Figs. 5 and 6 are 
as follows: 


n=20 Ry, = 10k 
T = 10k R=10k 
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The CM and DM gains, from Eqs. 1.3 and 1.4, are 
Ace = 0.455 (1.9) 
Aaa = 10 (1.10) 


Note that because of the large CM negative feedback produced by the 
cathode coupling resistance R the CM gain is less than unity. The dis- 
crimination factor is Aga/Ace = 22. If the DM input signal (vs — v»)/2 
is 10 my, as might be obtained from a strain-gauge bridge in the configura- 
tion of Fig. 3, the component of the single-ended ourput voltage Via pro- 
duced by this signal is 10 X 10 mv = 0.1 y, from Eq. 1.5. However, 
this output voltage could equally well have been produced by a CM input 
voltage (va + v»)/2 equal to 0.1 v/0.455 = 0.22v. ACM input voltage 
of this magnitude, or even greater, could easily occur in a practical system, 
and hence observation of the single-ended output voltage cannot tell us 
whether the input signal was a certain DM voltage, or a CM voltage 22 
times as great, or some combination of the two. The amplifier perform- 
ance in accepting DM and discriminating against CM inputs is obviously 
not very good. 

The differential-amplifier performance derived in this numerical example 
can be considerably improved by replacement of the cathode coupling resist- 
ance R by a constant-current pentode, as in the modified circuit of Fig. 7. 
If the additional circuit has parameters 


Sm’ = 2000 umho 
R, = 1k 
rt)’ = 1M 


the effective value of R to be used in the gain expressions of Eqs. 1.3 and 
1.4 is rp'(1 + gm'R,) = 3 MQ. The resulting values of the two gains are 


Ag, = 0.00159 (1.11) 
Aaa = 10 (1.12) 


The DM gain A,a is of course unaltered, but the CM gain A,, is very much 
smaller than in the previous numerical example. As a result, the discrimi- 
nation factor is increased to 10/0.00159 = 6300, and a CM input voltage 
to the differential amplifier would have to be 6300 times as large as a DM 
input to give the same value of single-ended output voltage. The discrimi- 
nation against CM input voltages is obviously vastly improved over that 
in the previous performance. 

In this section we have discussed some of the properties of the basic 
differential amplifier, and have shown how a common-cathode coupling 
resistance of large effective value can improve the performance. We con- 
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sider next some very important additional considerations in the performance 
of the basic differential amplifier. 


1.3 The Important Effects of Circuit Unbalances 


It would appear from the discussion of the previous section that a differ- 
ential amplifier of the type shown in Fig. 5 or Fig. 7 is capable of providing 
high discrimination against CM input signals. The equations describing 
the performance indicate that the only requirement for achieving arbitrarily 
high discrimination is as large a value as possible of the coupling resistance 
R, or of its effective value if more sophisticated circuits are used. 

Unfortunately, the problem is not as simple as this. It has been assumed 
so far that the two halves of the circuit are identical; however, inevitable 
unbalances in the symmetry of a differential amplifier can permit an unde- 
sired DM output to be developed from a CM input. We may investigate 
the nature of this additional circuit property by reconsidering the basic 
differential amplifier of Fig. 5 and its equivalent circuit in Fig. 6. 

As the simplest illustration of the effect of unbalances in the two halves 
of the circuit, let us suppose that all corresponding elements remain balanced 
except the tube amplification factors. Let the modified amplification fac- 
tors be x + dx and » — du for the left- and right-hand tubes, respectively. 
As before, we are interested in how the two output voltages, and their CM 
and DM components, depend on the CM and DM input voltages. 

From the equivalent circuit of Fig. 6, with incorporation of the unbalanced 
z's, considerably lengthier algebra than that used before leads to the follow- 
ing equations: 


(@ + a) an uRy 
2 ty + Ri + 2RV + 4) 


Gera Ia ere | 
(2 > ) gz se [(: - ee) (2) 
35 (®) (: tp + RE rem + a - + =) (1.14) 


The most significant feature of these results, as compared with Eqs. 1.1 
and 1.2, is the presence in each expression of terms in both the DM and 
the CM input voltages. These “cross-coupling” terms disappear when the 
circuit elements are balanced in value, that is, when 52 = 0 in the present 
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example. It is convenient to express the cross-coupling properties by 
means of two transfer gains, so that now four gain parameters may be 
identified from Eqs. 1.13 and 1.14 as 


Ax aR, 


—te ae te (1.15) 
Aaa m (1 ee er) 
ae vee a (1.17) 
— — (: TPR fee + ) <1) 


The CM gain Ac. is a first-order quantity and is unaffected by unbalanced 
u's, and the DM gain, also a first-order quantity, differs from its original 
value by only a third-order term in (54/u)%. In contrast, the two transfer 
gains A.q and Ag, are second-order quantities, and have direct dependence 
on the fractional unbalance 5u/u. With these definitions, Eqs. 1.13 and 
1.14 may be written 


Via + 4% ‘a (eet 
(ape : #) Py po (ate *) Aa ¢ ; *) (1.19) 


(528) --aa(39)—20(889) om 


The importance of the existence of the transfer gains may be appreciated 
by reconsideration of the previous numerical example, in which Ry, = 10k, 
R = 10k, rp = 10k, and « = 20. Suppose in addition that the amplifica- 
tion factor of the right-hand tube exceeds that of the left-hand tube to such 


a degree that §4/u = —0.1. The four gain parameters then have the fol- 
lowing values: 


Ace = 0.455 (1.21) 
Aaa = 10(1 + 0.0091) (1.22) 
Aca = =1 (1.23) 
Age = —0.09 (1.24) 


Substitution of these values into Eq. 1.20 shows that a given DM output 
voltage can be produced not only from a DM input voltage, but also from 
a CM input voltage Aga/Age = 110 times as large in magnitude. Hence 
a 0.11-v CM input signal is indistinguishable from a 1-mv DM input signal, 
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as far as the floating output is concerned. It should be recalled that if the 
circuit were balanced, there would be 7o output between the floating ter- 
minals due to a common-mode input signal. Moreover, if a single-ended 
output is employed, so that the output voltage of interest is Yq or Vxp, then 
the presence of unbalanced tube amplification factors leads to an even more 
serious dependence on the CM input voltage. By addition and subtraction 
of Eqs. 1.19 and 1.20, 


va = — (Aaa + Aci) BSS) — (Ace + Adc) (2+) (1.25) 


ow = — (ea ~ Aut) (2) ~ (de = Aa) (222) 29 


and hence, for the output 744, 2 DM input voltage is indistinguishable from 
a CM input voltage (Aaa + Aca)/(Ace + Aac) = 24.7 times as large. 

The degree to which a differential amplifier can prevent an output arising 
from a CM input is perhaps its most important property, and is described 
by the “common-mode rejection factor.” The common-mode rejection 
factor is defined as the ratio of the CM input voltage to the DM input 
voltage that give rise to the same output voltage. As may be seen from 
our examples, the CM rejection factor depends on which output voltage is 
considered. If the floating output, where (vjg — v2)/2 is the output volt- 
age of interest, is employed, then from Eq. 1.20 the CM rejection factor 
is Aga/Aac; if single-ended output, where Viq is the output voltage of 
interest, is employed, then from Eq. 1.25 the CM rejection factor is 
(Aaa + Aca)/ (Ace + Adc). 

The CM rejection factor should be carefully distinguished from the dis- 
crimination factor Aga/Ace. As pointed out by Parnum, a high value of 
discrimination factor is not sufficient to ensure a high value of CM rejec- 
tion factor. Parnum noted that although an arbitrarily high discrimination 
factor can be achieved by using a high effective value of cathode coupling 
resistance, the CM rejection factor under the same conditions becomes 
asymptotic to a limiting finite value determined by the circuit unbalances. 
Thus, if a constant-current pentode is used as the cathode coupling imped- 
ance as in the circuit of Fig. 7, the effective value of R becomes very large 
and the two gains Aga and Age, from Eqs. 1.16 and 1.18, become asymp- 
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The CM rejection factor with respect to the floating output, Aga/Aac, thus 
approaches the limiting value (1 + 1)/éu even though the discrimination 
factor Aga/Ace approaches infinity. For the typical figures chosen in the 
previous example, this limiting magnitude of the CM rejection factor is 
only 210, a value much too low to provide adequate performance in the 
applications described in Section 1.1. Some methods of adjusting the cir- 
cuit to compensate for unbalances, and thereby increase the CM rejection 
factor, have been suggested by Parnum in a later paper.® 

In the period between these two articles, the combination of Offner’s 
CM negative feedback with Goldberg’s pentode cathode impedance had 
been proposed’ and was shown to give appreciably higher values of dis- 
crimination factor. The principal benefit of CM negative feedback is to 
increase the effective value of the cathode coupling resistance, although we 
have seen that in spite of an essentially infinite value of R an unbalance in 
the tube amplification factors imposes an upper limit on the CM rejection 
factor. Unbalances in other parts of the differential-amplifier circuit, how- 
ever, not included in our analysis, also contribute to a noninfinite CM rejec- 
tion factor, and these contributions do not reach limiting values when R 
tends to infinity (see Appendix Il). Application of CM negative feedback 
therefore not only improves the discrimination factor, but is also of con- 
siderable value in improving the CM rejection factor. 

There are yet other properties of a differential amplifier, some of which 
may be affected by CM negative feedback. For example, Offner® has 
recognized that unbalances in the circuit symmetry could permit the inverse 
cross-coupling effect, namely, that a CM output could be developed from 
a DM input. This property is apparent through the presence of the du/z 
term in Eq. 1.13. Later work®-1 has developed refinements in the theory 
and application, removed inconsistencies, and provided more detailed inter- 
pretation of the properties of vacuum-tube differential amplifiers. Under- 
standing of the use of the basic differential stage as a push-pull amplifier 
also developed concurrently, and Birt!* has recently presented an excellent 
discussion of the qualitative effects of CM negative feedback on the balance 
properties of multistage push-pull amplifiers. 

The use of transistors in differential amplifiers has also received atten- 
tion, though of much less detail than that enjoyed by tube circuits. The 
recent developments in transistor direct-coupled d-c amplifiers'*" have 
stimulated renewed interest in differential-amplifier circuits, and the strin- 
gent performance requirements have dictated development of analysis meth- 
ods which can accommodate the critical effects of unbalances in the circuit 
symmetry. 

Tt is apparent from the examples already discussed that the properties of 
differential amplifiers are considerably more complex than those of ordi- 
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ingle-ended amplifiers, and that a number of additional parameters 
orennel to describe their performance. It has been shown that some 
of these performance parameters are strongly dependent ‘on circuit unbal- 
ances; and that, unfortunately, analysis by conventional methods of the 
effects of unbalances rapidly becomes extremely complicated. The algebra 
leading to Eqs. 1.13 and 1.14 is fairly lengthy, and yet these results apply 
only to the simplest form of differential amplifier (shown in Fig. 5); only 
a-c signals were considered, and unbalance in only one pair of elements was 
taken into account. Furthermore, since a vacuum-tube circuit was the one 
discussed, the input impedances were essentially infinite; in transistor cir- 
cuits this isnot so. It was seen that the system requirements of encephalog- 
raphy or strain-gauge instrumentation include high input impedances to the 
differential amplifier, and we have not as yet defined the “input impedance’ 
of a floating-input differential amplifier, nor considered the possible effects 
of circuit unbalances on this impedance. 

Obviously some alternative analysis approach must be developed to 
handle multistage differential amplifiers, to include d-c signals, to include 
CM and possibly also DM negative feedback, and particularly to include 
the effects of many more unbalances in symmetrical elements. A suitable 
analysis method is developed in the following chapters; the properties of 
differential-amplifier circuits are established and summarized in an inte- 
grated manner, and application of the analysis method to particular transistor 
d-c amplifier circuits is presented in examples. om ae 

In the final section of this chapter the nature of the problem is reviewed, 
and the steps to be followed for its solution are outlined. 


1.4 The Nature and Treatment of the Analysis of 
Unbalanced Symmetrical Circuits 


It is usually desired that a symmetrical circuit be balanced, that is, that 
homologous elements be equal in magnitude. In this special case, there is 
available a simple and straightforward analysis technique whereby use of 
the bisection theorem permits complete results to be obtained from consid- 
eration of only one half of the symmetrical circuit.!® This technique, 
reviewed in Chapter 2, rests on the division of arbitrary currents and volt- 
ages in the two halves of the circuit into CM and DM components. The 
performance of the half-circuit in response to each component is then calcu- 
lated separately, and the complete performance is obtained by superposition 
of the two independent results. / 

An exactly balanced symmetrical circuit is an idealization that cannot be 
achieved in practice. There will always be unavoidable unbalances due to 
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the finite tolerances of the component values. Any active devices used will 
be the biggest offenders in this respect, although even the contribution of 
Precision resistors may be significant. Unfortunately, quite small unbal- 
ances may have far-reaching effects on the performance of the circuit, the 
most serious of which is the resulting interaction between the CM and DM 
components of the signal. In particular, a CM input signal produces a DM 
output signal indistinguishable from one produced by a DM input signal 
and thus gives rise to errors. This undesirable effect is described quanti- 
tatively by the CM rejection factor, which ideally should be infinite, and 
ine ssp in an exactly balanced symmetrical circuit. In symmetrical 
I-c amplifier circuits, the equi i i igni 

perme ai equivalent input drift may also be significantly 

‘The advantages of the bisection theorem are generally no loi avail- 
able when the two halves of the symmetrical circuit aS a0, Hi eo 
analysis of the complete circuit must be undertaken with different symbols 
attached to each element of a homologous pair. The result of this process, 
as given by Slaughter,!* for example, is enough to discourage further 
attempts along these lines. However, if the unbalance between homologous 
elements is a small percentage of their average value, some simplifications 
may be effected even though the circuit is still treated as a whole. Sporadic 
interest in this approach*~" has led to some useful results, including analyti- 
cal expressions for the CM rejection factor. The analysis nevertheless 
becomes completely unwieldy for all but the simplest circuits. 

An analysis technique which treats small-percentage unbalances by an 


extension of the method using the bisection theorem is developed induc- _ 


tively in Chapter 2 from the specific example of a transistor emitter-coupled 
d-c differential amplifier. The technique may be called a “sequential” 
method of solution since the analysis is divided into a succession of indi- 
vidually simple steps. _It is shown how internal dependent and independent 
generators, and their unbalances, may be incorporated in the analysis. A 
more ae and rigorous establishment of the technique is given in 

In Chapter 3 the performance properties of a differential amplifier are 
defined, and the sequential method of analysis developed in — 2is 
carried through to completion for the transistor d-c differential amplifier. 
Analytical expressions are obtained for performance quantities which are 
directly related to the circuit unbalances, such as the CM rejection factor 
and the transfer gains (CM input to DM output, and vice versa). The 
various amplifier supply voltages constitute CM inputs and can be just as 
effective in causing equivalent differential input signals as can a normal CM 
input signal; hence power supply rejection factors are defined and expres- 
sions for them obtained. It is shown that the input to the amplifier may be 
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represented by a three-terminal, y-parameter network plus CM and DM 
equivalent-input drift current generators, where the four admittances are 
identified as the CM and DM input admittances and two transfer input 
admittances. We also show how a differential signal source, such as a 
bridge, may be represented by a three-terminal 2-parameter network plus 
CM and DM equivalent source voltages, where the four impedances are 
identified as the CM and DM source impedances and two transfer source 
impedances related to source unbalances. 

Typical numerical values are employed in an example of the overall per- 
formance of a differential amplifier including the signal source, in which we 
show how the various performance quantities depend on the circuit unbal- 
ances. The results show that the CM rejection factor is seriously degraded 
by small-percentage unbalances, and that balanced source resistances in con- 
junction with nonzero transfer input admittances can be as effective in 
degrading the CM rejection factor as can unbalanced source resistances in 
conjunction with the CM and DM input admittances. 

In Chapter 4a modification of the basic emitter-coupled differential ampli- 
fier is discussed, in which a constant-current transistor placed in the common 
emitter path is shown to be capable of improving the CM rejection factor. 
In Chapter 5 the very considerable advantages that accrue from the use of 
CM negative feedback are discussed, and analytical and typical numerical 
results are given for a two-stage differential amplifier of practical impor- 
tance. However, the advantages of CM feedback are not entirely unmixed 
blessings, and detailed attention in any particular case should be given to 
its effect on the equivalent differential input drift and the power supply 
rejection factors. 

The sequential analysis method we develop is simple enough for the more 
complex unbalanced symmetrical circuits discussed in Chapters 4 and 5 to 
be reasonably handled. Not only is greater insight obtained into the results 
of unbalances; quantitative expressions of adequate simplicity for practical 
use can be derived for these important effects. Although our treatment is 
entirely in terms of transistor direct-coupled d-c differential amplifiers, in 
which modern transistors allow performance vastly superior to the earlier, 
the method is equally applicable to vacuum-tube differential amplifiers and 
to any symmetrical circuit in which the effects of small-percentage unbal- 
ances are important. The method can also be used to determine the effects 
of unequal distortion generation in the two sides of a push-pull amplifier, 
and can be extended to analyze the properties of partly unsymmetric cir- 
cuits. Examples are d-c regulated power supplies which contain a differ- 
ential stage as an error detector, and differential-input, single-ended-output 
a-c and d-c amplifiers. 


Chapter Two 


Development of a sequential method 
for analysis of unbalanced 


symmetrical circuits 


In this chapter a sequential method of analyzing symmetrical circuits with 
small unbalances is inductively developed with reference to a particular 
circuit. A formal proof of the method is given in Appendix I. First, an 
analysis method applicable to balanced symmetrical circuits will be reviewed. 


2.1 Use of the Bisection Theorem for Analysis of 
Balanced Symmetrical Circuits 


F An example of a symmetrical amplifier circuit is shown in Fig. 8. Spe- 
cifically, the circuit represents a transistor emitter-coupled d-c differential 
amplifier and is used as the basis for development of the method for treating 
unbalances in symmetrical circuits. We choose to discuss d-c performance, 
since unbalances are particularly important in d-c amplifiers, but of course 
the results are equally valid for a-c conditions. 

If the two transistors in Fig. 8 are identical, and if Rye = Ry and 
Rea = Ro», the circuit is balanced and the bisection theorem" can be 
applied. We divide the circuit of Fig. 8 along its vertical line of symmetry 
and draw two different equivalent circuits for one of the sides, say side a. 
One equivalent circuit, the common-mode equivalent half-circuit, is valid when 
the input signals vq and vp to the two sides a and 6 are equal in magnitude 
and phase; the other, the differential-mode equivalent half-circuit, is valid 
when the two input signals are equal in magnitude but opposite in phase. 
The two equivalent half-circuits are shown in Fig. 9; they are established 
as follows. 

For a CM input signal va = v», the signals at homologous points in Fig. 
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8 are equal since the circuit is balanced. Hence there is no current in ele- 
ments that connect homologous points, that is, in elements that are topo- 
logically perpendicular to the line of symmetry, such as Ry. Elements that 
lie along the topological line of symmetry, such as Rs, carry a current twice 
that present in one side. Thus in the CM equivalent half-circuit, elements 
such as Ry are open circuited and elements such as Rs appear with twice 
their actual value. 

For a DM input signal va = —%, the signals at homologous points in 
Fig. 8 are equal in magnitude but opposite in phase, since the circuit is 
balanced. Hence a virtual ground exists at the center of elements such as 
R4, and there is no current in elements such as R3. Thus in the DM 
equivalent half-circuit, elements such as Ry appear with half their actual 
value and are returned to ground, and elements such as Rs are short- 
circuited. In addition, supply voltages such as E, and E2 are short-cir- 
cuited since they are CM voltages and do not introduce DM signals. 

The model used in Fig. 9 for the transistors is a very simple one. Inter- 
nal emitter resistance is assumed to be negligibly small, or can be consid- 
ered lumped with the external emitter resistance R;; internal base resistance 
is assumed to be negligibly small, or can be considered lumped with the 
signal source resistance which will be introduced later; and internal collector 
resistance is assumed to be negligibly large. All that remains is a common- 
emitter T circuit, for which the collector current is equal to 8; times the 
base current plus a saturation current, and the base-emitter voltage is the 
internal diode drop. The common-emitter T is preferred’? over the com- 
mon-base T, and it should be noted that the saturation current is the open- 
base and not the open-emitter collector current (I,o). In circuit diagrams, 
dependent current generators are distinguished from independent ones by 
use of a square instead of a circle. 

The two equivalent half-circuits of Fig. 9 permit straightforward analysis 
of the performance for CM or for DM input signals. By superposition, 
results can be obtained for arbitrary input voltages vq and 7, since they 
can always be divided into CM and DM components v, and vg, defined as 


= BEM 1) 


Mm —% 


7 (2.2) 


va = 
Thus a balanced symmetrical circuit can be analyzed simply. It should be 
emphasized that although the circuit element values must be balanced for 
this method to be valid, internal independent generators need not be bal- 
anced; that is, although the two transistors of Fig. 8 must have equal 6’s, 
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they need not have equal saturation currents or base-emitter voltage drops. 
From an analysis point of view, these internal generators are indistinguish- 
able from external generators, and arbitrary values on the two sides can 
therefore be represented by CM and DM components. ‘Thus if the satu- 
ration currents are Ijq and J,, and the base-emitter voltages are Viq and 
Vip, the quantities to be shown in the two equivalent half-circuits are 
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(2.6) 
Of course, if the two transistors are identical in all respects, the independent 
generators J;4 and Vig in Fig. 9b will each be zero. 


2.2 Analysis of Unbalanced Symmetrical Circuits by 
Extension of the Bisection Theorem Method 


We now wish to extend the bisection theorem procedure to cover situa- 
tions where circuit unbalances exist, that is, where Bq ¥ Bi» Ria ¥ Ry, ete. 
‘To set up such a method, we consider the physical operation of the circuit of 
Fig. 8. Suppose first that ‘all homologous elements are balanced except that 
Reg # Roy. If a pure CM input signal va = v4 = v, is applied to the 
inputs, the currents at the two transistor collectors will be equal. The 
collector voltages will not be equal, however, which means that a differ- 
ential component has been introduced by the unbalance between Raq and 
Rap. Thus a cross-coupling effect, whereby a CM input signal gives rise 
toa DM output, is introduced. In general, therefore, it is no longer pos- 
sible to draw independent CM and DM half-circuits. However, if the 
unbalance is small, the CM half-circuit and currents and voltages will be 
little affected, and the resistance Re may be taken to represent the average 
of Roa and Ry. At the same time, the result of the unbalance may be 
represented in the DM half-circuit by a voltage generator in series with Rg 
whose value is proportional to the unbalance in Req and Rey and to the CM 
current which flows in Re. By an analogous argument, if a pure DM input 
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signal vg = —v» = vq is applied to the inputs, a similar cross-coupling 
effect, whereby a DM input signal gives rise to a CM output, is introduced. 
The DM half-circuit and currents and voltages will be little affected by 
small unbalances in Req and Re», and the resistance Re in Fig. 9b may again 
be taken to represent their average value. The result of the unbalance may 
be represented in the CM half-circuit by a voltage generator in series with 
Ry whose value is proportional to the unbalance in Rog and Re» and to the 
DM current which flows in Re. A similar procedure may be followed for 
unbalances in any other homologous elements. Unbalance in the transistor 
6’s may be accounted for by introducing an additional current generator 
into the CM half-circuit whose value is proportional to the unbalance in 
the 6’s and to the DM base current, ad similarly for the DM half-circuit. 

The addition of the various interaction generators, represented by shaded 
circles, is shown in Fig. 10. An expression for the magnitude of each 
interaction generator is obtained as follows. Assign a symbol to the CM 
and DM current components in each element, for example is, and igg in Ro. 
If Roa = Re + 5Re and Roy = Re — dRe, then the interaction generators 
to be placed in the CM and DM half-circuits are 6Reig and 6Rei2, respec- 
tively, with the polarities shown in Fig. 10. Similarly, if 81a = B1 + 56; 
and 81, = 81 — 681, the corresponding interaction generators are 68;ig and 
681i... Now although the interaction generators are controlled, they are 
independent generators as far as separate analysis of each half-circuit is 
concerned, since each is dependent only on currents in the other half-circuit. 
Hence solution for the complete performance of the circuit, in terms of the 
interaction generators, can be obtained by superposition of the results for 
each half-circuit. In general, simultaneous solution of the two sets of equa- 
tions will be required to eliminate the interaction generator terms from the 
result. This procedure is as complicated as a general analysis of the circuit 
of Fig. 8 would be, and hence it appears that little is gained by invoking 
the bisection theorem method. However, if the elements are unbalanced 
by only small percentages, the CM and DM currents and voltages will be 
little different from what they would be if the circuit were balanced, and 
hence the interaction generators can be expressed in terms, not of the actual 
currents, but of the “original” currents which would be present in the 
absence of unbalances. The approximation involved here is that third- 
order interaction terms are neglected. 

The significance of the extra subscript o in Figs. 9 and 10 now becomes 
apparent. In Fig. 9 the circuit is assumed balanced, and so all currents and 
voltages are given the extra subscript 0; in Fig. 10 the circuit is assumed 
unbalanced by only small percentages so that the interaction generators may 
be expressed in terms of the “original” currents rather than of the “actual” 
ones which do not have the subscript 2. This approximation eliminates the 
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necessity for simultaneous solution of both half-circuits, since the analysis 
may be completed in independent stages. In the vacuum-tube example dis- 
cussed in Chapter 1, the approximation permits omission of the (5u/u)? 
term in Eqs. 1.16 and 1.27. 

The method for analyzing symmetrical circuits with small-percentage 
unbalances may be summarized as follows. Draw the CM and DM half- 
circuits assuming that the circuit elements are balanced, using the average 
value for each pair of homologous elements, but retain any unbalances in 
the internal independent generators. Assign symbols with subscript 0 to 
all signals of interest, including those present in each element whose unbal- 
ance is to be incorporated. Calculate all these signals in terms of the inter- 
nal and external independent generators. Next, draw the modified half- 
circuit including the interaction generators, and calculate the desired 
performance quantities in terms of the internal and external independent 
generators and of the “independent” interaction generators. Finally, elimi- 
nate the interaction generator terms by substitution for quantities previously 
calculated in the “original” half-circuits. 

This method permits solution of unbalanced symmetrical circuits by 
breaking down the analysis into a succession of individually simple steps. 
A more rigorous derivation of the general method is given in Appendix I. 
The “brute force” approach, that of analyzing the complete unbalanced cir- 
cuit as a whole, would become almost impossibly complicated for practical 
use, even for a circuit apparently as simple as that of Fig. 8. The sequen- 
tial method here developed is useful for still more complicated circuits, but 
care must nevertheless be taken that the algebra does not get out of hand. 
The following chapters illustrate the practical application of the sequential 
method, first for the circuit of Fig. 8, and then for more complicated 
arrangements. 


Chapter Three 


Application of the sequential method 


to the analysis of a single-stage 


transistor d-c differential amplifier 


The method outlined in the previous chapter for the analysis of a transistor 
d-c differential amplifier will now be followed through. The work is 
divided into four parts. In the first, the analysis goals are established and 
definitions given of the various quantities which describe the amplifier per- 
formance, and it is shown how conditions at the input terminals can be repre- 
sented by four short-circuit admittances and two current generators. In 
the second part, the analysis is carried out to obtain these performance 
parameters. In the third part, the representation of a signal source by four 
open-circuit impedances and two voltage generators is developed, and the 
conditions at the amplifier input when fed from such a source are established. 
In the fourth part, the overall performance parameters of the amplifier and 
signal source are obtained. It is convenient to separate the source from the 
amplifier in this way, rather than to analyze the combination as a unit, since 
a given amplifier is frequently used with different sources, and it is desirable 
to isolate effects due to the source. 


3.1 Definitions of the Performance Parameters of a 
Differential Amplifier 


The circuit to be discussed is shown in Fig. 8. The signal source imped- 
ances have already been assumed to be zero in the equivalent circuits of 
Figs. 9 and 10. Several quantities of interest describe the performance of 
this circuit and must be defined before the analysis is begun. 

The performance parameters fall into two groups: First-order quantities, 
which describe properties of the balanced circuit, and second-order quantities, 
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which describe properties arising from circuit unbalances. Third-order 
quantities, which arise from interaction between second-order quantities, 
will be neglected, as described in the previous chapter. 

Both the common-mode (CM) and the differential-mode (DM) output 
voltages are of interest. From Fig. 10a we sce that the CM output voltage 
‘Vie contains components arising from several sources: First-order compo- 
nents arise from the (external) CM input voltage v,, the two (external) 
supply voltages E; and E», and the two (internal) CM sources V1_ and [1.3 
second-order components arise through the interaction generators from the 
(external) DM input voltage vg and the two (internal) DM sources Vig 
and [,4. From Fig. 10d it is seen that the DM output voltage v4 contains 
first-order components produced by the (external) DM input voltage vg 
and the two (internal) DM sources Viq and J)4, and second-order compo- 
nents arising from Ve, E;, E2, Vie, and Ie. The output properties of the 
circuit of Fig. 8 can thus be described by two equations, one for the CM 
component ¥¢ and one for the DM component v4 of the output voltage: 


1 1 1 
Ve = —Ace (v. + H”@ + Veit ra E+ a Es) G.1) 


1 1 1 
Ua = —Aaa (ve bi A” + Vat A 7 i a) (3.2) 


The coefficients Az. and Aga are, respectively, the CM gain and the DM 
gain (the minus sign is explicit in order to make Ace and Agg positive quan- 
tities). The term vg/Hg represents the CM equivalent input voltage 
resulting from the DM signal vg. Thus Hz is defined as the DM rejection 
factor, and is a second-order quantity which becomes infinite when the cir- 
cuit is balanced. The quantity —A-eva/Hz is the CM output voltage pro- 
duced by a DM input voltage vg, and thus A-g = A-</Hz is defined as the 
DM-to-CM transfer gain, which is also a second-order quantity, and becomes 
zero when the circuit is balanced. In a similar manner, H, is defined as 
the CM rejection factor and Age = Aaa/H, as the CM-to-DM transfer gain. 
The quantities Vz and Vg; are respectively the CM and DM equivalent 
input voltages due to the internal independent sources, and each contains both 
first-order and second-order terms. The quantities 
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Va = Ey + ae G4) 


A, H; 


Single-Stage Transistor d-c Differential Amplifier 23 
are respectively the CM and DM equivalent input voltages produced by the 
external sources other than the input signals v, and va, where A; and Ag are 
first-order quantities, and H; and H» are second-order quantities which 
both become infinite when the circuit is balanced. By analogy with the 
definition of H,, the quantities H and Hz are defined as the power-supply 
(PS) rejection factors. o 

It is usually desirable to make the CM gain Ac. as small as possible 
compared with the DM gain Aaa, since normally it is required to amplify 
DM to the exclusion of CM signals. A quantity defined as the discrimi- 
nation factor F = Aga/Ace is used to describe the gain ratio, where F should 
be large. Another important quantity is the output fractional unbalance 
U = A./AaaHa = 1/FHa, which is the ratio of the CM to DM output 
voltage produced by a DM input voltage. For an exactly balanced circuit, 
Uiszero. Perhaps the most important performance quantities are the CM 
and PS rejection factors H., Hy, He, and the DM equivalent input voltage 
Vas. These quantities describe spurious DM output voltages that do not 
arise from the DM input signal, and that should be minimized since they 
are extraneous. The first-order components of Vg; arise from inequalities 
in the transistor independent generators and are therefore directly related 
to the degree of mismatch of the two transistors. The second-order com- 
ponents of V4; and the three H’s are all produced by the interaction gen- 
erators, and hence they are directly related to the circuit unbalances. 

In the literature on differential amplifiers there has been a certain lack 
of unanimity on the names of the various performance parameters, which 
has been due in part to some confusion about their meaning. For example, 
it was not always recognized that a CM output could be developed by a 
DM as well as by a CM input, and hence the terms “discrimination” and 
“rejection” have sometimes been used rather loosely.’ Although the “‘dis- 
crimination factor” and the symbol F are now quite firmly established as 
representing the DM-to-CM gain ratio, the “CM rejection factor” is some- 
times called the “transmission factor.”* We feel that “‘rejection” is a more 
appropriate description than “transmission,” since an infinite value of this 
factor corresponds to infinite rejection of CM signals (as far as their inter- 
action effect is concerned). Although the symbol H is established for a 
rejection factor, it has not previously been given a distinguishing subscript, 
because the existence of finite PS as well as CM rejection factors appears 
not to have been noted. Various names and symbols have also been applied 
to the several gain parameters. For example, the DM (antiphase) gain 
Ag has been represented by M (Parnum®), Gp (Offner’), and « (Klein™); 
the CM (inphase) gain by M, G., and 6; and the CM-to-DM transfer gain 
Age by K, G;, and B (it is also called the “inversion gain” by Offner'). 
The DM-to-CM transfer gain A.g has been represented by G, (called the 
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“differential unbalance” by Offner*), and by y (Klein"). The existence 
of the DM rejection factor Hg was also recognized by Klein, and given 
the symbol G. In the light of the multiplicity of names and symbols pre- 
viously applied to the various performance parameters, it is hoped that the 
symbols and subscripts chosen here will provide a logically developed and 
complete set that emphasizes the symmetry between the CM and the DM 
circuit performance. 

‘The performance parameters so far introduced all relate to the gain prop- 
erties of the amplifier circuit. Since it is desired to drive the amplifier 
from an arbitrary signal source, it is also necessary to define quantities that 
describe the input properties of the amplifier. From Fig. 10 we see that 
the CM and DM input currents i, and ig contain components due to several 
sources. Remarks similar to those for the two output voltages apply, and 
the input properties of the circuit of Fig. 8 can be described by two equa- 
tions, one for the CM component i, and one for the DM component ig of 
the input currents: 


fe = YecVe + Yedva + Ie (3.5) 
ig = YacVe + Yara + Ta (3.6) 


where yee and yaa are respectively the CM and DM input admittances, and 
are first-order quantities. The terms in yea and yge arise from the inter- 
action generators and are defined respectively as the DM-to-CM and CM-to- 
DM input transfer admittances. These are both second-order quantities and 
are zero in a balanced circuit. The quantities J, and Jy are, respectively, 
the CM and DM input currents arising from all sources other than the CM 
and DM input signals v, and vg, and they may be expressed as 


I. = Tei + Ice (3.7) 
Ts = Tas + Tae (3.8) 


where the components produced by internal and external sources are dis- 
tinguished by subscripts i and ¢ respectively. The internal sources are 
again Vj-, Via, etc., and the external sources are Ey and E>. 

Solution of the differential-amplifier circuit of Fig. 8 involves analysis 
to find expressions for the various performance parameters we have intro- 
duced. The performance parameters are obtained from equations for the 
CM and DM output voltages v1, and vg, and for the CM and DM input 
currents i, and ig, in terms of the independent generators. It is useful to 
summarize the definitions of the performance parameters in tabular form, 
both in words and in the formulas from which the expressions are derived. 
To permit identification of the terms required in a particular derivation, the 


Single-Stage Transistor d-c Differential Amplifier 25 


notation ¥¢[E;] indicates that component of v3- which is produced by E, 
ig{V1a; lia) indicates the components of ig that arise from Vig and Ja, and 
similarly for other quantities. The collected definitions are displayed in 
Table I. ‘ 

Application of the sequential analysis method to the solution of the cir- 
cuit of Fig. 8, which leads to expressions for these performance parameters, 
will be discussed next. 


3.2 Amplifier Analysis with Zero Signal Source Impedance 


The application of the sequential method to the analysis of the transistor 
d-c differential-amplifier circuit of Fig. 8, summarized at the end of Chap- 
ter 2, involves separate solution of the four circuits in Figs. 9 and 10. It 
is clear that there will be a considerable amount of duplication of effort, 
since these four circuits differ in only minor respects. Before embarking 
on the solution of any problem it is always worthwhile to consider how the 
algebraic manipulations may be minimized, and a more efficient procedure 
for the present problem is now suggested. 

First, since Figs. 9a and 9b are merely special cases of Figs. 10a and 106, 
only the general cases of Fig. 10 need be analyzed. Further, since Figs. 
10a and 106 differ in form only in the presence or absence of certain com- 
ponents, effort will be saved if we analyze a composite circuit that contains 
all elements present in both the CM and DM half-circuits. This composite 
equivalent half-circuit is shown in Fig. 11, and contains the additional simpli- 
fication that parallel or series generators are combined and a single symbol, 
¢ or i, is used to represent each internal voltage or current generator. It is 
now necessary to analyze only the circuit of Fig. 11; then results can be 
obtained for each of the four circuits of Figs. 9 and 10 merely by making 
appropriate substitutions and restrictions. 

Solution of the circuit of Fig. 11 implies the derivation of expressions for 
the four currents i, i1, ig, and ig in terms of the various generators. By 
straightforward analysis, these are 


ie Ex. — ¢ — (Ri + 2Rs)fr (3.9) 
(1 + Bi) (Ri + 2Rs) 
ut+E,—e 
- “Ri + 2Rs 
ree E, —¢ + oR,/2 (BER) R,/2 ni 
Ro +Rj4/2 © Re + Rs/2\ Ri + 2g Ro + R21 +A 
G.11) 


G.10) 
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-A-e _ aR, (yth-a ey Re a 
Ro+Ri/2 Re+R/2\ Ri + 2Rs Re+ R21 + fr 
(3.12) 


where a = 81/(1 + Bi) is the average common-base current gain of the 
two transistors. The output voltage v; can be found as 


u= Bei, (3.13) 


These results may now be made applicable to the circuits of Figs. 9 and 
10 by appropriate modifications. For the half-circuits of Fig. 10, only the 
input current and output voltage are required since these are sufficient to 
determine the performance parameters. For Fig. 10a, these are obtained 
from Eqs. 3.9 and 3.13 by adding the subscript c, by setting Ry = «, and 
by substituting ¢: = Vie + 5Riiiao €2 = OReiea jr = Ire + SBrigo: 


no + Es — Vie — bRrigo — (Ri + 2R3) (lie + 8Bria0) (.14) 
(1 + 61) (Ri + 2Rs) ‘ 
‘ 'c + Ey — Vi, — 6Rii 
Sanh ee ee (Bae Fa te 
Tie + 8Brido 
RES 


For Fig. 106, these are obtained from Eqs. 3.9 and 3.13 by adding the sub- 
script d, by setting Rs = 0, E; = Ey = 0, and by substituting e, = Vig + 
ARiiteo, €2 = OReizcos f= ha + SBrico: 


va — Via — 6Riireo — Rilhia + OBrico) 
(+ 80R: oH 
Rj/2 ‘ — Via — bRii 
Pi” Re Re | tle — ka (Hig Mh 
gy hat Brico 
a 1+ Pt 


Equations 3.14 through 3.17 contain implicitly all the information needed 
to obtain the performance quantities defined in Table I. However, the 
terms arising from the interaction generators must first be eliminated by 
making Eqs. 3.9 through 3.11 applicable to the balanced half-circuits of 
Fig. 9, in which the interaction generators are zero. For Fig. 9a this is 
accomplished by adding the subscript cv, setting Rg = %, and substi- 
tuting ¢: = Vie, ¢2 = 0, j1 = Ne: 


(3.15) 


jg 


(3.17) 
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ify Ve + Ex — Vie — (Ri + 2Ra)lic G.18) 
Ri + 2Rs 
elem, U. + Ex — Vie 
feo Ri + 2Rs 
J ‘Ue + Ex — Vs) he 3.20 
fase = NR, + ORs 1+61 ai 


For Fig. 96 this is accomplished by adding the subscript do, setting R3 = 0, 
E, = Ez = 0, and substituting ¢: = Vig, ¢2 = 0, j1 = ha: 


G19) 


igg = V2> Vie = Raha (3.21) 
i G+ 8)Ri 
va — Via (3.22) 
1 
Ri/2 (va— Via ha ) (3.23) 


ito = 


ine RRQ Ri 1+ By, 
Substitution of Eqs. 3.18 through 3.23 into Eqs. 3.15 and 3.17 and 
of terms shows that the CM and DM output voltages may 
be expressed in the forms stated in Eqs. 3.1 through 3.4, where 


= Re _ (3.24) 
Ace Ri + 2R3 
= 21 _RRi/2_ (.25) 
Aca = Re + RY 
Ri + 2Rs ( ‘1 Ry/2__ aRe 1 ) (3.26) 
Ri 


ai Rp + Ry? Re | 1 +i Bi. 


H.” Ri+2Rs\R: Ri 1+ Bi Bi, 


(3.27) 


Ri_(8R,_ aR Lei 


_ Ri t2Rs (3.28) 
aR 


(3.29) 
3.30) 


(3.31) 


28 
Ves = —Vie + (Ri + 2R) Be 
1 


a | ieee aad Ri/2__ 8Re 1 2) V0 


Ri Ri ai Ra+Ri2 Rs * 144 Bi 


Lele Rafae LeRoi Tas 

R (42, _ 1) _hy 
+ Rit 2h) (Ra Rg? Re ears 63m 
ha Ry ( éRy 1 


Bi Rit+2Rs\Ro Ry 1+ Bi Bi. 


a(oR h) 
a ar Re Bi /1 +61 

Similarly, substitution of Eqs. 3.18 through 3.23 into Eqs. 3.14 and 3.16 
shows that the CM and DM input currents may be expressed in the forms 
stated in Eqs. 3.5 through 3.8, where 

1 
GF ay + aR) a 
1 

a+ANR a 
eens (ee aR, ,, SB 

(+ B)Ri \Ri + 2Rs Ri By (36) 


Va = —Via+ Ri 


(3.33) 


Yee 


Yaa = 


Yea = 


sa coer A ws (( OR ak 

Yue = ~ OF Bi Ri + Ra) & a Se) 
Teo = YocEs (3.38) 
Tae = YacE2 (3.39) 


1 1 
t= te [= tag Me Me 


1(_ RR, aw we 
PACES A ee =) Vat on $* ha] 6.40) 


1 (aR, | a6 
Png te ee ) Mi 


eres i] (a1) 
Bi 


The comments made in the previous chapter on which quantities are first- 
order and which are second-order may be verified by examination of Eqs. 


1 1 
ta = te [- EM hat 
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3.24 through 3.41. Further insight into the meaning of these results may 
be obtained by eliminating all unbalances, after which the simplified results 
can be related to the original circuit by inspection. 

To examine the importance of the various effects due to unbalances, we 
shall examine a typical set of numerical values for the circuit of Fig. 8. 
If Ex = 20 v, choice of Rs = 10 k will establish the operating collector 
current of each transistor at about 1 ma, if R; is small. If £, = 20 v, 
choice of Re = 10 k will set the quiescent output voltage at about +10 v. 
These numbers, and arbitrarily chosen values of R; and Ry, are shown in 
Table II. Only 1% unbalances in the homologous elements Ri and Rz are 
assumed, since precision resistors will be normally used. 

Numerical values shown in Table II for the transistor parameters repre- 
sent typical figures appropriate for a wide variety of types. The base- 
emitter voltage lies in the range 0.1 v to 0.5 v, depending on the operating 
current level, and is higher for silicon than for germanium transistors at the 
same current, The saturation current varies widely among different units: 
The value 0.25 ma shown in Table II is appropriate for a germanium tran- 
sistor at room temperature, and would be three or four orders of magnitude 
lower for a silicon unit. The higher value is chosen for the numerical 
example in order to emphasize its effect. It should be noted that I), = 0.25 
ma is the open-base saturation current, and corresponds to an open-emitter 
saturation current Ico of Iye/(1 + 81) ~ 5 ua for the assumed value of com- 
mon-emitter current gain 8; = 50, Unbalances of 10% in the transistor 
parameters are assumed, although it is likely that some selection from ran- 
dom units would be required to achieve such close matching. 

Since in a d-c amplifier temperature drifts will be of interest, it is neces- 
sary to know the temperature dependence of the various parameters chosen 
for the circuit of Fig. 8. It will be assumed that low-temperature-coeffi- 
cient wire-wound resistors are employed, so that the resistance values may 
be taken as independent of temperature. On the other hand, all the tran- 
sistor parameters have significant temperature dependence, and the satura- 
tion current and the base-emitter voltage exhibit dependences which are 
predictable on well-established theoretical grounds.'-!* The saturation 
current increases rapidly with rising temperature, at a rate varying from 
about 20%/°C at low temperatures to about 8%/°C at high temperatures. 
At any given temperature the rate is 4 to 6%/°C higher for silicon than 
for germanium units. In Table II, a temperature dependence of 10%/°C 
is assumed for the saturation current J,, with an unbalance between the 
two transistors of 10%. 

The base-emitter voltage (at constant collector current) decreases almost 
linearly with rising temperature, at a rate which varies from about —1.5 
mv/°C to about —3 mv/°C. The rate is weakly dependent on the oper- 
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ating collector current level, being smaller at higher currents. At a given 
current there is little difference between the rates observed for germanium 
and for silicon units. In Table II, a temperature dependence of —2.0 
mv/°C is assumed for the base-emitter voltage V3, with an unbalance 
between the two units of 10%. 

‘The temperature dependence of the common-emitter current gain B is not 
predictable on theoretical grounds, However, experimental observations!® 
indicate that 6 increases approximately exponentially with rising tempera~ 
ture, at a rate that varies from about 0.2 to 0.5%/°C for either germanium 
or silicon units. This rate of increase is seen to be considerably less than 
that of the saturation current. In circuit analysis it is somewhat less easy 
to account for variations in element values, such as the transistor current 
gain, than for variations in independent-generator values, such as the satu= 
ration current and the base-emitter voltage, Consequently, the tempera- 


ture variation of 8 will be neglected in the present numerical example to 


avoid obscuring illustration of the basic principles of the analysis method. 
Nevertheless, in a practical case the temperature dependence of 8 may be 
important,'** and a means of accounting for it has been given elsewhere." 
This effect is reconsidered in Section 5.5. 

The numerical values shown in Table II are seen to be representative of 
typical transistors, and to lead to suitable operating points in the single- 
stage d-c differential amplifier of Fig. 8. The directions of the assumed 
unbalances are chosen to give worst-case results, that is, to minimize for- 
tuitous cancellation of the effects of unbalances. We may now proceed 
to substitute these numbers into Eqs. 3.24 through 3.33 to obtain the follow- 
ing results for the amplifier output performance. In some cases inter- 
mediate steps are presented in order to illustrate the relative magnitudes of 
component terms. The order of the terms corresponds to those in the 
initial equations, and units are volts, milliamperes, and kilohms (or milli- 
mhos) unless otherwise stated. 


Ace = 0.488 (3.42) 
Aaa = 81.5 G.43) 


as = +0.01 + 201 (0.0085 + 0.002) 
He 


= 0.01 + 2.11 


zh 
0.47 
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1 
= = (0.01 + 0.01 + 0,002 
x01 (0 +0.01 + ) 
Le 1 
~ 9.15 X 108 


emia 
0.487 


Ves = —Vie + 0.4le — 2.12Via — 0.036ha 
= 10-*(—300 + 100 — 63.6 — 0.9) 
= —0.264 


we = 10-*(+2 + 10 + 0.42 — 0.09) 


= +12.4 mv/°C 
Vas = —Via + 0.002h4 — 0.000111. — 0.00017 6Ii¢ 
= 10-*(—30 + 0.05 — 0.033 — 0.044) 
= —30mv (3.50) 


ue = 10-8(-40.2 + 0.0050 + 0.00022 — 0.044) 


= 0.2 mv/°C G.51) 


The CM gain A,, is considerably less than the DM gain Aga because 
of the degeneration caused by Rs. The discrimination factor is F = 
Adal Ace = 167. The DM rejection factor Hy, a second-order quantity, 
is quite small and is dominated by 6R2. The output fractional unbalance 
is nevertheless small, because F is large and is given by U = 1/FHa = 
0.0127, or 1.27%. 5 

Both the CM rejection factor and the PS, rejection factor are large and 
are dominated by 6Ri and 6R2. It is usual to express rejection factors in 
decibels; therefore Helan = Halay = 20 log (9.15 X 10%) = 79.2 db. 
These important quantities mean that, say, a 1-v change in the CM input 
voltage v_ or a 1-v change in the supply voltage Ez would give rise to an 
amplifier DM output voltage indistinguishable from what would result from 
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a DM input voltage vg = 1/9150 ~ 0.11 mv. This error signal arises 
from only 1% unbalances in R; and Re and shows the importance of main- 
taining balance as closely as possible. 

The CM equivalent input voltage V.; produced by the internal sources 
is dominated by the first-order terms in Vj, and I1., although there is a sig- 
nificant contribution from the second-order term in Vig. The rate o 
change of this voltage with temperature, the temperature drift aV.;/AT, is 
dominated by d/;-/8T. The DM equivalent input voltage Va; produced 
by the internal sources and its temperature drift 0Vai/AT are dominated 
by the unbalances V1¢ and @V4/aT in the transistor base-emitter voltages, 

Ie is interesting to calculate the total equivalent input voltages in order 
to obtain the output offsets in the absence of signals. Each of these is 
obtained as the sum of the equivalent input voltages arising from the inter- 
nal and external sources, where the contributions from the external sources 
are given by Eqs. 3.3 and 3.4: 


1 
Ve = 0.264 — 757 20 + 20 


= —0.264 — 21 
= —21,26 
—0.03 + at, 20 
9150 
—0.03 + 0.00218 
—27.8 mv (3.53) 


The corresponding output voltages, for v, and va equal to zero, are 
~AceVe = (—0.488) X (—21.26) = 10.4vand —AagVa = (—81.5) X 
(—0.0278) = 2.1 v. The result for the CM quiescent output voltage 
checks with the approximate value obtained by inspection from 
Fig. 8. 

Substitution of the typical set of numerical values into Eqs. 3.34 through 
3.41 leads to the following results for conditions at the amplifier input: 


1 
ied (3.54) 


i 
Yaa = ya (3.55) 
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Spricns; x (—0.0005 + 0.98) 


1 
Jae ~ 1025 


aol 
11,650 


Tee = $19.5 pa 

Tae = 1.72 pa 
—0,000975Vi¢ — 0.0196];¢ + 0.0192V 14 + 0.00192ha 
10-3(—0.292 — 4.9 + 0.576 + 0.048) 
—4.57 pa (3.60) 


(—0.01 + 0.098) 


10-*(0,00195 — 0.49 — 0,00384 + 0.0048) 


0.49 ya/°C (3.61) 
=0.196Via — 0.0196Iia + 0.00000857 Vie + 0.00192) 

= 10-*(—5.88 — 0.49 + 0.00257 + 0.48) 

= —5.89 ya (3.62) 


iat = 10-*(0.0392 — 0.049 — 0.00001714 + 0.048) 


= 0.038 ya/°C (3.63) 


We see that both transfer admittances, yea and Yue, are dominated by 661. 
The CM input current produced by the internal sources, [.;, is dominated 
by Jie, but the terms in V_ and Vg are significant, and in fact the second- 
order term in Vjq is more important than the first-order term in Vj,. _The 
temperature drift of this current is dominated by 8/;,/9T. The DM input 
current produced by the internal sources, [a;, is dominated by Via, although 
the terms in Jig and [;, could be significant for different numerical values. 
Tes temperature drift is dominated by 0V14/T, but again different numerical 
values could make the contributions of 8/,a/8T and a1;./dT of considerably 
reater importance. 
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The total input currents caused by both internal and external sources, in 
the absence of input signals, are given by substitution of the last results in 
Eqs. 3.7 and 3.8: 
I, = —4.57 + 19.5 
= +149 pa (3.64) 
Ig = —5.89 — 1.72 
= -7.61 ya (3.65) 


Note that J, is dominated by the external sources, whereas Jy is dominated 
by the internal sources. 

An interesting practical point arises from the presence of four, rather 
than two, parameters that describe the amplifier input admittances. It is 
common to determine a “differential input admittance” by measuring the 
ratio of the input current to the input voltage at one input, with the other 
input grounded. The admittance so obtained is not yag as we have defined 
it, however, and it may moreover be different for the two inputs if circuit 
unbalances are present. The reason for the apparent discrepancy is that a 
voltage applied to one input alone actually constitutes both CM and DM 
input signals, and consequently both CM and DM input currents will result, 
Itis easily shown that the two admittances measured as described are given 
by [(cc + Yaa) + (Yea + Yac)]/2. For the figures given in Eqs. 3.54 
through 3.57 the two admittances are 1/11.3 and 1/9.3 millimhos, and differ 
by about 20% because of the unbalance in 6. 

Analysis of the performance of the amplifier when fed from a zero- 
impedance signal source is now complete. We turn next to consideration 
of the effects of finite source impedances. 


3.3 Analysis of Effects Produced by Signal 
Source Impedance 


A differential amplifier whose two floating input terminals are at least 
partially isolated from ground is necessarily driven from a three-terminal 
signal source, even if the source impedance to ground is only stray coupling. 
A basic form of signal source with finite impedances is shown in Fig. 12, 
in which arbitrary source voltages Voq and Vo, appear in series with resist- 
ances R, and R,, and a resistance R, is common to both branches. 

To express the performance of the signal source similarly to the form for 
the differential amplifier, the network of Fig. 12 may be represented by 
four open-circuit impedances and two voltage generators which relate, not 
the actual terminal voltages and currents vq’, Us", ia’, iy’, but their CM and 
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DM components defined by 


rete 
ppt (3.66) 


G.67) 


(3.68) 


ia! — in! 

2 

‘The required functional relationships are 
Ue! = Zeele! + Zeaia’ + Voce (3.70) 
va! = Zacke! + Zaaia! + Voa 3.71) 
in which %¢¢ and zgq are defined as the CM and DM source impedances, 
2eq and 2g¢ are the DM-to-CM and the CM-to-DM source transfer imped- 
ances, and Vo, and Vg are the CM and DM source voltages. If the source 
is balanced, the transfer impedances z,¢ and 2g are zero. The properties 
of any source configuration, for example a bridge network, can be expressed 
in this general form. ' 
For the specific source configuration of Fig. 12, straightforward analysis 


leads to the following expressions for the source parameters in Eqs. 3.70 
and 3.71: 


G.69) 


Ze = R+2R, (3.72) 
zaa = R (G.73) 
Zea = 8R (3.74) 
Zac = 8R G.75) 


V0 = fata (3.76) 


‘oa — Vob 


; (3.77) 


Voa = 


Rim Bah (3.78) 


sR= Bot R (3.79) 
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For purposes of illustration, a typical set of values is assumed for the 


source resistances and displayed in Table III. The four source open 
circuit impedances are then 
Zee = 10.5 k 
faa = 05k 
Zea = 2ae = —0.05 k ) 
The next step is to obtain expressions for the amplifier CM and DM 
input voltages v, and vq in terms of the source CM and DM voltages v9, 
and vq. Since the source is loaded by the amplifier input, this proces: 
involves solution of the circuit in Fig. 13. Algebraically, the required 
result is obtained by simultaneous solution of Eqs. 3.5, 3.6, 3.70, and 3.71, 
with i, = —i,', ig = —ig’, Ve = Uc', and vg = va’. The results are 
es 1 eee ZeeVed + Zed Vad ~ 
1+ 2ecJeo (1 + Beedee) (1 + Zaayaa) 
Fee Bed = Becta od 
1+ 2eeYeo” (1 + ZeeYee) (I + 2aayaa) 
a ZdcVeo + ZaaYde eats 1 
(1 + 2aayaa) (1 + cece) 1+ 2aayaa 
ee Zad hal 2d — Zec%ddVdo lL (3.8 
1+ 24ayea "(1 + 2aayad)(1 + Zeeyec) ° 
Certain good approximations, based on the assumption that the percent 
unbalances in the source and in the amplifier are small, have been made it 
the derivation of these two equations. 


It is convenient to express these results in forms analogous to those 
to represent the amplifier output performance. Thus 


Ve 
la (3.83) 


va = Vod 


1 
Ue = Aces (v1 + Vat im) 


va = Adds (e% + Vat = wm) 
les 


in which 
1 1 
Ven = Vote + ve E,+ an 
1 1 
Vas = Vaie + pp Bi + ay Bs 


The various source performance parameters used in these expressions to 
relate the amplifier input voltages to the source voltages are analogous to 
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those previously employed to relate the amplifier output to input voltages, 
and therefore corresponding symbols are used, but with an added subscript s. 

By comparison of Eqs. 3.85 through 3.88 with Eqs. 3.83 and 3.84, and 
with use of Eqs. 3.7, 3.8, 3.38, and 3.39, the following expressions are 
obtained for the source performance parameters. 


(3.89) 
(3.90) 
(3.91) 
(3.92) 
(3.93) 
(3.94) 
G.95) 


(3.96) 


Zed — Zoc%ddVed 


I, 3.97 
1+ 2aaya re) 


Voie = —2eclet — 


Vain = —2aalas — ae Tos (3.98) 


Substitution of the typical sets of numerical values previously used leads 
to the following results: 


Aces = 1 (3.99) 
Aaas = 0.912 (3.100) 
pesos 0.202 + 0.0098 


(.101) 
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1 it L410 
Ha ~ Ha = F088 + 429) 


1 
~ 1,09 X 108 
ee eee 
An 97.5 
Veig = —10.5Ie¢ — 0.046513; 
= (+49.5 + 0.279) mv 
= +49.8 mv 
ee = (+5.25 — 0,0016) mv/°C 


= +5.25 mv/°C 

Varig = —0.51ai + 0.0515 
= (3 — 0.236) mv 
= +2.76 mv 


LET er ae | 
ya (—0.02 — 0.025) mv/°C 


= —0.045 myv/°C 


The CM and DM source “gains” Aces and Agas, of course, are actually 
losses arising from the potential divider actions of the source and amplifier , 
impedances. The source DM rejection factor Ha, is dominated by the 
term in yea, but both the term in yao and the term in zae are of comparable 
magnitude in the expression for the CM rejection factor H,,.. The CM 
equivalent source voltage Vi. arising from the amplifier internal sources, 
and also its temperature drift, are dominated by the J,; term. The DM 
equivalent source voltage Vai, is dominated by the Ja; term, but the /,; term 
is significant. Both terms are of comparable importance in determining 
the temperature drift of this voltage. 


3.4 Performance Parameters for the Combined Single- 
Stage Amplifier and Source 


The performance parameters for the combined single-stage amplifier and 
source are the quantities which relate the amplifier CM and DM output 
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voltages vic and v4 to the CM and DM source voltages Voc and og. ~The 
relationships may be expressed as 


1 
tre = — Aue (O86 + Var + am) (3.108) 


1 
via = —Aaa (v0 + Va + a) (3.109) 


1 


1 
= E (3.110) 
Au 


Vor = Veit + ai 


Ei.+ 


1 1 
coe =7— E: 3.111) 
Va = Van + ny E+ Ae ¢ 
‘The various performance parameters used in these expressions again cor- 
respond to those used for the amplifier and source separately, and corre- 
sponding symbols are used with an added subscript ¢ to indicate ‘total 
values. ae 

The total performance parameters may be evaluated by climination of Ve 
and vq from Eqs. 3.1, 3.2, and 3.85 through 3.88. With certain good 
approximations, based on the assumption that the unbalances are small, the 
results are: 


Acct = AcoaAee (3.112) 
Aaa = AaavAaa (3.113) 
Ha” Hoa * aa 
Ha” Ha * dual 
ya an) 
aaa? ana, 
Tha" a * Ha 
Hla” Ha* a 


G.114) 


Gulls) 


(3.116) 


(3.117) 


(3.118) 


G.119) 


Differential Amplifiers 
Vous Vets + Vox (3.120) 
he 


1 
Vase = Vate + rm Vas (3.121) 


Ie is seen that effects due to the source and to the ampli i 
that eff plifier are approxi- 

mately additive, since the source “gains” A,cs and Aga, are close wie 
Substitution of values from Eqs. 3.42 through 3.51 and 3.99 through 3.107 


be vi following complete numerical results for the amplifier circuit 
of Fig. 8: 


Acct = 0.488 (3.122) 
Aaa = 74.4 3.123) 
1 1 1 
Ha 5.18 if 0.457 
eek 
0.421 


ohh aly pele (ois 1 
Ha ~ Ha ~ 10° \i0.88 + is) 


(3.126) 


G.127) 
pea 
8.94 X 108 


1 
~ aa (3.128) 


Ves = (49.8 — 264) mv 
= —214mv (3.129) 


o+ 
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or 7 (45.25 + 13.6) mv/°C 


= +18.9 mv/°C (3.130) 
Vase = (2.76 — 33.2) mv 
= —30.4 mv (3.131) 


aVaie _ 


oT (—0.045 + 0.219) mv/°C 


= +0.174 mv/°C (3.132) 


Numerical expressions for the complete CM and DM output voltages may 
be obrained by substitution of numbers directly into Eqs. 3.108 and 3.109: 


1 
Vie = —0.488 (v = 2121+ oa a) (3.133) 


1 
Via = —744 (vs — 0,0239 + ¥0 om) (3.134) 


The quiescent output voltages, for Yo. and voz equal to zero, are thus 
(—0.488) X (—21.21) = 10.38 v and (—74.4) X (—0.0239) = 1.78 v. 

The total CM gain Acer is essentially the same as Ace, that of the ampli- 
fier alone, and the total DM gain Agar is only slightly less than Aga. ‘The 
total discrimination factor is F;) = Agat/Aect = 152. The total DM rejec- 
tion factor is slightly poorer than that for the amplifier alone, and the output 
fractional unbalance increases from 1.27% to U, = 1/FiHae = 0.0156, or 
1.56%. 

The total CM rejection factor Hr, equal to the PSs rejection factor Ha, 
is reduced by almost a factor of 2 from the value for the amplifier alone, 
from 79.2 db to 73.5 db. Iris worth noting that this reduction is due almost 
equally to the combination of the average DM source resistance 2aq with 
the amplifier CM-to-DM input transfer admittance yae and to the combi- 
nation of the unbalance DM source resistance 2a with the amplifier CM 
input admittance yc. 

The total CM equivalent input voltage Vs, and its temperature drift, 
are dominated by the amplifier alone, but there is a significant contribution 
from the CM input current /,; flowing in the CM source resistance 2c. 
The total DM equivalent input voltage Vai, and its temperature drift, are 
dominated by the amplifier alone, with only a small contribution produced 
by the DM input current [u; flowing in the DM source resistance Zea. 

It is of interest to examine the dependence of the results on the various 
circuit parameters. A small value of R; gives large DM gain and ensures 
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that the contributions of I,z, Vic, and I;, to the DM equivalent i d 
are small (Eqs. 3.33 and 3.50). In addition, the value of H. will be 
(Eq. 3.27). On the other hand, the amplifier input admittances Yaa and 
Yea will be large (Eqs. 3.35 and 3.36), which will increase the input poten 
tial divider action (reduce Aga.) (Eq. 3.90) and will degrade H., (Eq. 3.91) 
However, this last effect is not serious because the contribution of Has of 
Hy is small (Eqs. 3.114 and 3.124). In general, then, it is desirable to 
make R, small. Unbalance in R, seriously affects the total CM reject 
factor H.., both through H, (Eqs. 3.27 and 3.45) and through H., (Eqs. 
3.37, 3.57, and 3.92). 

’ Increase in Re increases both the CM and DM gains, but the DM gait 
increases more slowly because of the shunting effect of Rs (Eqs. 3.24 an 
3.25). Hence the discrimination factor and the output fractional unbalane 
are degraded if Re approaches R,/2. Unbalance in Re seriously affect 
br on? H, (Eqs. 3.27 and 3.45) and significantly affects Ha (Eqs. 3.26 
: A large value of 8; is beneficial in all respects since all four amplifie 
input admittances are reduced (Eqs. 3.34 through 3.37), and all component, 
of the amplifier input currents are reduced (Eqs. 3.38 through 3.41). 
Unbalance in 8; primarily affects H, through He, and yac (Eqs. 3.37, 3.57, 
3.91, and 3.102), but the contribution through H, is negligible unless th 
unbalances in Ry and Ry are very small (Eqs. 3.27 and 3.45). 

Both the CM and the DM source impedances 2:¢ and zag should be kept 
low, not only to reduce the potential divider action at the amplifier iny 
but also to minimize the equivalent input voltages developed by the amplii 
input currents (Eqs. 3.97 and 3.98). Another important disadvantage of 
large values of 2,. and Zag is the serious effect on the rejection factors H, 
and He. (Eqs. 3.91, 3.92, 3.101, and 3.102). Any unbalance in the soure 
impedance also seriously affects H,.. 

The total CM equivalent input voltage Vi may have significant contri- 
butions from several sources. For the assumed set of numbers, the contri 
butions of the first-order terms V3. and J; are the most important. e 
effect produced by V4. is felt primarily through the component V,; (Eqs. 
3.32 and 3.48), but that arising from J, is felt both through V2 (Eqs. 3.3 
and 3.48) and through Voie (Eqs. 3.40, 3.60, and 3.104). However, the 
total CM equivalent input voltage is not of great interest because of the 
low CM gain. 

The total DM equivalent input voltage Vj is a quantity of major im 
tance. For the chosen numbers, this quantity is peat by che ileal 
Via in the transistor base-emitter voltages (Eqs. 3.33, 3.50, 3.121, and 
3.131). If the transistors are selected for closer matching, or if some 
method of compensation is employed, this dominant term can be greatly 
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reduced, thus exposing the next largest term, which is that produced by the 
unbalance in the transistor saturation currents Ja; flowing in the DM source 
resistance zza (Eqs. 3.98, 3.106, and 3.131). Alternatively, a larger DM 
source resistance could make this term significant even in the presence of 
appreciable unbalance in the base-emitter voltages. On the other hand, use 
of silicon transistors would essentially eliminate any contribution from the 
saturation currents. Similar remarks apply to the temperature drift of the 
total DM equivalent input voltage, which again is dominated by the term 
in the unbalance base-emitter voltage unless much more careful matching 
or compensation is employed. 

Ic is of particular interest to examine the effect of the value of Rs on the 
various performance quantities. It may be seen that the largest possible 
value of Rs is in all respects beneficial. First-order DM quantities are 
unchanged, but first-order CM quantities are improved: the CM gain Acc 
is reduced (Eqs. 3.24 and 3.112), and hence the discrimination factor F; is 
increased; the CM and CM-to-DM input admittances Vee and Yae are reduced 
(Eqs. 3.34 and 3.37), which increases the CM and PSs rejection factors Hee 
and Ho, (Eqs. 3.27 and 3.92); and the contribution of the second-order term 
in Vj, to the DM equivalent input drift, although already negligible, is 
reduced even further (Eq. 3.33). The occurrence of Rs in the numerator 
of certain expressions for CM quantities (Eqs. 3.26, 3.28, and 3.32) does 
not detract from the desirability of a large value for Rs because, as far as 
the amplifier output is concerned, these quantities are always multiplied by 
Acet, which contains Rg in its denominator. 

‘The equations of this chapter describe the various contributions to the 
CM and to the DM output voltages separately. It is implicitly assumed 
that only the DM output voltage is of practical interest; however, the DM 
output is “floating” with respect to ground and requires a floating load. 
Although this is no problem if the load is, say, a recorder, it is sometimes 
necessary to provide a grounded output from the amplifier. There is a 
great temptation in such applications to connect the load between one out- 
put and ground. However, this procedure is fraught with danger: The 
voltage across the load is then the sum of the CM and DM output voltages 
V¢ and v4, and even though the output voltage may appear to be little 
different from vq alone, it actually contains contributions from several 
other sources. As can be seen by adding Eqs. 3.108 and 3.109, the DM 
equivalent input drift would contain components produced by V+ as well 
as by Va, and the CM rejection factor would be dependent on Hy as 
well as H,:. The problem of attaining satisfactory performance is much 
more difficult with a grounded output, and merely making the CM gain 
vanishingly small is not sufficient. The terms A,c:/H. must also be mini- 
mized, and, as can be seen from Eqs. 3.24, 3.26, and 3.32, only making Rs 
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very large will not accomplish this. In general, more sophisticated methods 
must be employed’ to derive a grounded output from a differential amplifier. 

‘We may conclude that in the basic differential-amplifier circuit of Fig. 8, 
when the first-order DM properties are of prime concern, the performance 
is enhanced by using as large a value of Rs as possible. This decreases 
the CM gain while leaving the DM gain unaffected and reduces the undesir- 
able CM-to-DM interaction effects, and thus leads to improved CM and 
PS rejections. Nevertheless, offsets and drifts caused by unbalanced inde- 
pendent generators, such as those arising from unequal transistor base~ 
emitter voltages or saturation currents, cannot be improved in this way. 
The advantages to be gained by large values of Rs are sufficiently worth- 
while that modifications in the basic circuit of Fig. 8 should be introduced 
to enhance the effect still further. Some of the modifications will be dis- 
cussed in the following chapters. 


Chapter Four 


Improvements on the basic 


differential-amplifier circuit 


Inthe previous chapter it was verified by detailed analysis, using the sequen- 
tial method, that the effects of unbalances in the basic differential-amplifier 
circuit of Fig. 8 can be reduced by making the common emitter resistance 
Rs very large. There are, however, other considerations in addition to 
those treated in Chapter 3. Increase in Rs would reduce the operating 
currents of the transistors and hence lead to higher internal emitter resist- 
ance and lower current gain. This effect can be eliminated by increasing 
the negative supply voltage Es, as Rs is increased, in such a way that the 
transistor operating currents remain constant. Clearly, the combination of 
the elements Rs and E2 then approaches a constant current sink. 

In this chapter a circuit for practical realization of a constant current will 
be considered, and a further modification involving CM negative feedback 
will be introduced. 


4.1 Use of a Constant-Current Generator 


The development of a circuit that allows flexibility in the choice of the 
emitter coupling resistance of a differential amplifier is shown in Fig. 14. 
The original voltage source and series resistance of Fig. 8, isolated in Fig. 
14a, are converted to a Norton equivalent in Fig. 14%, and in Fig. 14¢ the 
resulting current generator is realized by a suitably biased transistor Qs. 
The constant-current transistor is the counterpart of the constant-current 
pentode introduced by Goldberg? into the vacuum-tube differential amplifier. 

‘The circuit of Fig. 14¢ provides essentially the same performance as that 
of Fig. 14a, if Rs is the same in both cases and if circuit values are chosen 
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so that the Qs collector current I; = E2/R;. Straightforward analysis of 
Fig. 14c, with the assumption that the transistor can be represented solely 
by a B-current generator 8s = a3/(1 — avs), leads to the result [3 = E:/Rs', 


where 
Ro +R; ( Bel Bs) 
7a 
Ree Ria tee: (4.1) 


For the same Is, and with the same value of Ep, Rs’ must be set equal to Rs. 

This procedure only ensures that the operating conditions in the circuit 
of Fig. 8 remain the same when the circuit of Fig. 14c replaces that of Fig. 
14a, as in the complete circuit of Fig. 15. The advantage to be gained by 
the substitution is that Rs may now be increased without affecting the oper- 
ating conditions, and thus all the performance benefits predicted in the pre- 
vious chapter may be realized. Some limitations should be noted, however. 

Although the CM rejection factor H. (Eq. 3.27) becomes very large as 
Rs becomes large, the PS. rejection factor H» does not increase with Hp, 
and in fact it remains the same as in the original circuit of Fig. 8. This is 
because the sensitivity of the operating currents of the transistors in the 
differential stage to the supply voltage Eo is unchanged if Eq. 4.1 is satisfied. 
Equation 3.31 therefore no longer holds if Rs differs from its original value, 
Additional terms will be present in Eqs. 3.32 and 3.33 that are produced 
by the base-emitter voltage and saturation current of the transistor in Fig. 
14¢, effects that were not included in the simple derivation of Eq. 4.1. 

In view of the many benefits of making Rs very large, it would seem 
obvious that the ultimate performance could be obtained by making Rs infi- 
nite in the circuit of Fig. 15. The CM gain Ac. would then become zero 
(Eq. 3.24), and the CM rejection factor H, would become infinite (Eq. 3.27), 
even in the presence of unbalances in Ry, Re, and By. Unfortunately, it is 
not possible in practice to achieve this desirable result; this is the most 
important limitation of the circuit in Fig. 15. A transistor is not an ideal 
current generator, and there is inevitably a finite impedance between the 
collector and the base or the emitter. These impedances have been neg- 
lected in the present analysis; however, even though the circuit resistor Rg 
may be omitted, the element Rs should be retained in the equivalent circuits 
as an approximate representation of the finite collector resistances of all 
three transistors. Unbalances in the collector resistances of Qiq and Qi», 
of course, will not be accounted for in this way. 

In any case, it is not possible to realize the condition of infinite Ry in 
practice, with the result that the CM gain is not quite zero, and the CM 
rejection factor is not infinite and depends on the circuit unbalances (unless 
they fortuitously cancel). This limitation has been noted in other con- 
texts,"1°1 where analysis of tube differential amplifiers, in which finite 
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plate resistance is taken into account, shows that the CM rejection factor 
js related to the unbalance in the tube amplification factors even in the pres- 
ence of infinite common cathode impedance. This conclusion is verified in 
Appendix II. Klein has devoted considerable attention to cascode 
arrangements for the purpose of increasing the effective ampli fication factor. 
An analogous conclusion is, of course, obtained for transistor differential 
lifiers. : 
<i is possible to increase H, by various circuit modifications. One 
method, due to Hilbiber,2 involves replacement of each transistor in the 
differential stage by a multiple-stage amplifier whose output resistance is 
made very high by negative feedback. Nevertheless, the contribution of 
the finite output resistance of the constant-current transistor to the effec- 
tive value of Ry still remains. Another method, to be discussed next, per- 
mits H, to be increased by an arbitrarily large factor through the application 
of CM negative feedback. 


4.2 Advantages of Common-Mode Negative Feedback 


We have seen that a large value of the common emitter resistance Ry in 
the differential-amplifier circuit of Fig. 15 leads to improved performance, 
through reduction of the CM gain and increase of the CM rejection factor. 
Since there is a practical limit to the effective magnitude of Rs owing to 
finite transistor collector resistances, it is desirable to develop a modified 
circuit design which would permit these performance limits to be exceeded 
without compromising other performance criteria. Since negative feedback 
reduces gain, this would be a suitable technique to employ. Only the CM, 
and not the DM, gain is to be reduced, however, and so the feedback should 
be effective for CM signals alone. The principle of CM negative feedback 
was introduced in vacuum-tube differential amplifiers by Offner*, It will 
be shown that CM feedback leads not only to this anticipated result, but 
also to the desired increase in CM rejection factor. ; 

Common-mode negative feedback may in principle be introduced into the 
circuit of Fig. 15 by including in the voltage E» a component related to the 
CM output voltage 71.. Such a component may be derived,’ for example, 
from a center tap on R,, since the voltage at this point is equal to the CM 
output voltage @1¢, but is at virtual ground with respect to the DM output 
voltage. A somewhat more elaborate circuit to accomplish this effect is 
discussed in the next chapter; here, to illustrate the principle, we assume 
that an unspecified subsidiary circuit exists such that Ey = kvie. Thus the 
voltage Es is k times the CM output voltage, and is independent of the DM 
output voltage. The necessary constant power supply component of E is 
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neglected, since this affects only operating conditions and is irrelevant as 
far as the signal properties of the amplifier are concerned. 

Since the circuits of Figs. 8 and 15 are the same as far as the input signals 


are concerned, the CM and DM output voltages in the circuit of Fig. 15 are 
given by 


1 1 
Ve = —Ace (» + Vor + H™ + TF Ev + Bs) (4.2) 


Bue 1 1 1 
via = —Aga (v2 + Var + i” + ii E+ 7A Bs) (4.3) 


These equations are obtained from Eqs. 3.1 and 3.2. It is assumed that 
the operating conditions in the circuits of Figs. 8 and 15 are adjusted to be 
the same, so that the results 42 = 1, H2 = H, (Eqs. 3.29 and 3.31) may be 
employed. If CM feedback is now applied according to the relation 


E, = kv1¢ 
the results become j ; (+4) 


ee Ale dock 
Ve ( + Ve + ih va + ai rN) (4.5) 


re 


tc 1 
VY, pret yar 
‘)* T+ Gym” 


1 
Hei + G, 
al eden ven pth 
a Gi HAI + z) a] (46) 
G. = bAce (4.7) 


is the CM loop gain. The feedback is negative if & is positive, since 
CM gain is reduced by the feedback factor (1 -+ G,). Pe phee 
has been made in the derivation of Eq. 4.6: the coefficient of vg is actually 
[1 — G./H-Ha(1 + G.)}, but for H, = 9.15 X 108 (Eq. 3.45) and Hy = 
0.47 (Eq. 3.44) this quantity differs from unity by less than 0.0233. 
Equations 4.5 and 4.6 verify that CM negative feedback reduces the CM 
gain and that the DM gain is hardly changed; the actual small decrease in 
the DM gain is a third-order effect. Another important result is that the 
cM rejection factor becomes (1 + G,)H, instead of He, and is thus 
increased by the same factor the CM gain is decreased by. However, this 
is the CM rejection factor with respect to the signal voltages at the ampli- 
fier input terminals, and it has been seen in Chapter 3 that significant deg- 
radation in total CM rejection factor can arise from finite signal source 
impedances. It is therefore necessary to determine the effect of CM feed- 


va = —Aga [v + (va - 


where 
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back on the amplifier input admittances, so that the effects of finite signal 
source impedances can be examined. 

Since the results for the circuit of Fig. 8 apply to the circuit of Fig. 15, 
the relations between the signal input currents and voltages are 


ig = YeeVe + Yeava + Tei + YocEs (4.8) 
ia = Yacde + yaava + Tai + Yacks (4.9) 


These equations are obtained by combining Eqs. 3.5 through 3.8 and incor- 
porating the results of Eqs. 3.38 and 3.39. If CM feedback is applied so 
that E, = kv4¢, the results become 


jp = 2H ci seen Gals iy 
ia = ites a + saeta + [a ra tig (Yat 7 B)| (4.11) 


The coefficient of va in Eq. 4.11 actually differs from the first-order yaa 
by a small third-order term; otherwise, no approximations have been made 
in the derivation of Eqs. 4.10 and 4.11. 

From these results it is seen that both the CM and the CM-to-DM input 
admittances are reduced by the application of CM negative feedback. Since 
each is reduced by the feedback factor (1 ++ Ge) it follows from Eq. 3.92 
that the CM rejection factor He, produced by the source is increased by 
(1 + G,), and since H, is also increased by the same factor, the total CM 
rejection factor Her is increased by (1 + G;). 

It may be concluded that the application of CM negative feedback affects 
the first-order DM performance only slightly and has several advantageous 
effects on certain other performance parameters: the CM gain is reduced, 
thus the discrimination factor is increased and the output fractional unbal- 
ance is reduced; the CM and the CM-to-DM input admittances are reduced; 
and the total CM rejection factor is increased. The factor by which these 
various quantities change is in all cases the feedback factor (1 + G), and 
it is therefore desirable to make the CM loop gain G, as high as possible. 
‘A qualitative description of the mechanism of CM feedback has been given 
by Birt;!* however, he discusses only its effects on the fractional output 
unbalance and on the discrimination factor. The effect of CM feedback 
on CM rejection has been recognized*: ° but appears not to have been dis- 
cussed in detail. Its effect on the input admittances seems not to have 
been noted. 
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Certain quantities for which the application of CM feedback is invariably 
beneficial have so far been singled out for discussion. It may be observed 
that in all these cases the expressions are modified as though Rg were every- 
where multiplied by (1 + G,). Another point of view is therefore to 
imagine that CM negative feedback causes the effective value of Rs to be 
(1 + G,) times its actual value, thus permitting the practical limitations 
on the amplifier performance caused by the unavoidably finite R; to be 


There are effects of CM feedback other than those so far discussed. 
For example, the DM equivalent input drift term and the PS; rejection 
factor in Eq. 4.6 are modified; so (in Eqs. 4.10 and 4.11) are the DM-to-CM 
transfer input admittance and the CM and DM input currents produced by 
both internal and external sources. The nature and magnitude of these 
modifications are not immediately obvious. In addition, the simple rela- 
tionship Ez = kvi_ employed in the derivation represents the feedback cir- 
cuit only in principle, and in the results additional terms that arise from 
effects in a practical feedback circuit should be present. It is therefore 
not worthwhile to examine in any detail the remaining modified terms in 
Eqs. 4.5, 4.6, 4.10, and 4.11; instead, a differential amplifier including a 
practical CM feedback circuit is treated in the next chapter. It will serve 
as a further example of the sequential method of solution of unbalanced 
symmetrical circuits. 


Chapter Five 


Analysis of a two-stage transistor 
d-c differential amplifier with 


common-mode negative feedback 


In this chapter the properties of a particular transistor d-c differential ampli- 
fier employing common-mode negative feedback will be discussed. The 
circuit, shown in Fig. 16, is similar to several that have been used in prac- 
tical vacuum-tube and transistor amplifiers.'*-"™ 

Before plunging into the analysis of the circuit of Fig. 16, it is essential 
to understand the principle of operation and to have a qualitative apprecia- 
tion of the first-order relationships. Only with such an understanding can 
the algebra involved in the analysis of unbalance effects be kept under con- 
trol. An expression for the CM loop gain is then derived, after which 
application of the sequential method for analysis of unbalances is described. 
The resulting expressions for the performance parameters are compared 
with those for the circuit of Fig. 8, and the improvements anticipated from 
the presence of CM feedback are verified. It will be shown, however, 
that these improvements are obtained at a price, and that CM feedback is 
not an entirely unmixed blessing; some performance parameters may even 
be degraded. In particular, for the numerical values assumed, the PS rejec- 
tion factors are finite and less than the CM rejection factor by more than 
an order of magnitude. 


5.1 Mechanism of the Circuit Operation 


The circuit of Fig. 16 represents a two-stage differential amplifier, of 
which the first stage is similar to that discussed in Chapter 3, and CM 
negative feedback is applied according to the principle discussed in Chapter 
4. The output is now taken from the collectors of the second stage, and 
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the output of the first stage is applied to the two bases of the second-stage 
transistors which replace the bridging resistance Ry. ‘The junction of the 
second-stage emitters corresponds to the center of Ry, from which the CM 
negative feedback is derived. All voltages are referred to ground. e 
resistance Rs is retained since, as described in Chapter 4, it represents the 
finite collector resistances of the three associated transistors Q1e, Qi Q; 
even if no circuit resistor is present. “The numerical values of : 
that also appear in Fig. 8 are maintained, so that the performance of the 
two circuits may be meaningfully compared. Should any unbalance be 
present, the numerical values for homologous elements represent the av 

of the pair. 

Ic is not immediately apparent whether the operating currents of the first- 
stage transistors will be the same as in Fig. 8. To investigate this, 
sider the principle of operation of the CM feedback loop. From an 
trary point, say the collector of Qs, the path through the CM feedback loop 
passes through Qj, and Qy» (in parallel), through Qoq and Qo», (in parallel), 
through the potential divider Rg and R;, and thence to the base of Qs. i 
path resembles that through a series voltage regulator circuit, in 
(E3 — Ez) corresponds to the reference voltage and (vz -+ £3) corresponds 
to"the regulated output voltage. ‘Thus Qs represents the error amplifier. 
The loop gain of this voltage regulator circuit is identical with the 
loop gain G, introduced in Chapter 4, and it is desired to be large. If this 
is so, the voltage (vz + Es) will be determined principally by the 
divider ratio and by the reference voltage (Ex — E2); there will be | 
voltage drop across R;, and the value of this clement is then immaterial 
as long as it is small enough. However, since the internal base-emitter 
voltage Vg, of Qs is effectively in series with the reference voltage, its 
value is not negligible and should be included, so that the approximate 
equation determining v, is 


Ry 
Rot+R; 


For the numerical values shown in Fig. 16, and for V3_ = 0.3 v, Eq. 5.1 
gives vz = 10.9 v. The operating current of Qis, or Qi», may then be 
found approximately as follows. If the internal base-emitter voltage V2 
of Qo is 0.3 v, the voltage v}, at the collector of Qi is (vz + Vo) = 11.2. 
‘The current in Ro is therefore [E; — (vz + V2-)]/Re = 0.88 ma. If the 
base current of Qs is neglected, the collector current of Qia, or Qy», is also 
approximately 0.88 ma. ‘The corresponding current in the circuit of Fig. 
8, in the absence of an input signal, may be found from Fig. 9a as approxi- 
mately a;(E2 — Vy-)/(Ry + 2R3) = 0.96 ma. The operating conditions 
of the first stage in Fig. 8 and in Fig. 16, although not identical, are there- 


(wz + Es) = Ex — Es + Vie 
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fore sufficiently similar that the performance of the two circuits may be 


Some additional useful information may be deduced from the preceding 


approximate calculations. First, it may be noted that the collector current 
of Qra or Qus is determined by completely different mechanisms in the cir- 
cuits of Figs. 8 and 16: In Fig. 8, it is determined essentially by Ez and R3; 
in Fig. 16 it is determined essentially by conditions in the “voltage regu- 
lator” circuit and by Re. A consequence of this difference is that if the 
CM input voltage v. were not zero, the collector current of Qis and Qus 
would change significantly in the circuit of Fig. 8, but would be essentially 
unaffected in that of Fig. 16. This effect is closely related to the improve- 
ment in CM rejection factor realized in the circuit of Fig. 16 and will be 
treated in detail later. Second, the collector currents of Q2, and Qz, and 
the CM ourput voltage v2, may be approximately determined as follows. 
The current through Rg is (ve + E3)/(Re + Rz) = 2.06 ma, if the base 
current of Qs is neglected. The collector current of Qzq or Qo» is therefore 
2 times half this current, in the absence of any unbalances, or very nearly 
ima. The CM output voltage is therefore equal to the supply voltage Ey 
less the in Rs, or 15 v. 

wane foun operation of the circuit of Fig. 16 understood, 
we can now proceed to a more detailed analysis to include the effects of 
unbalances. 


5.2 Determination of the Common-Mode Loop Gain 


Before embarking on the analysis of the complete amplifier circuit of 
Fig. 16, it is necessary to perform a subsidiary derivation to determine 
whether the CM loop gain is sufficiently high; first, for significant perform- 
ance improvement to be realized; and second, to ensure the validity of the 
previous qualitative discussion of the circuit operation. . 

An expression for the CM loop gain G, may easily be derived by con- 
sideration of a restricted form of the CM equivalent half-circuit. This is 
shown in Fig. 17, in which only the elements relevant to the CM feedback 
loop are included and all independent generators are omitted. If the loop 
is opened at some convenient point, say at the collector of Qs, the CM loop 
gain may be obtained as the ratio i,/iz, where i, is the current that results 
from an arbitrary injected current iz. Straightforward analysis of the cir- 
cuit of Fig. 17, in which 2, is the CM source impedance, leads to 


6. = = ayes /2 (Ret R?\(p, 4 Rel (652) 
iz Ry 1+ Bs, 
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if (1 + 1) (Ri + 2Rs) > Zee) 2Ra > Ri, and (1 + 62)2Re >> Re. For 
the numerical values given in Fig. 16 these approximations are valid, and 
Eq. 5.2 then gives G. = 14.3, or 23 db. It is seen that for high CM loop 
gain it is desirable to minimize Rs. The smallest realizable value of Rs 


corresponds to the internal emitter resistance of Qs; hence the choice Rs = 


0.05 k in Fig. 16 is reasonable. 


The value G, = 14.3 is high enough to vindicate the foregoing qualitative 


discussion, and more than an order of magnitude improvement in the appro- 
priate performance parameters is to be expected. 


5.3 Amplifier Analysis by the Sequential Method 


Since the circuit of Fig. 16 is considerably more complex than that o 
Fig. 8, it is even more important to establish an orderly procedure directed 
toward the desired analysis goals and to introduce simplifications whenever 
possible. In accordance with the approach suggested in Section 3.2, it 
saves effort to relate the initial analysis to a composite equivalent half= 
circuit, which contains both the CM and DM half-circuits as special cases, 
as shown in Fig. 18. As in Fig. 11, ¢1, j1, etc., represent CM or DM inde- 
pendent generators and interaction generators, for which specific expres- 
sions will be substituted when the circuit equations are restricted to CM 
or to DM signals. 

The ultimate analysis goals are to obtain the CM and DM output volt- 
ages, and the CM and DM input currents, as functions of the CM and DM 
signal voltages, the power supply voltages, and the internal independent 
generators, in the presence of unbalances in the homologous elements Ry, 
Rs, Bi, and Ba. From these results the performance parameters can be 
obtained. It will be assumed that there is no unbalance in Rg, since this 
would merely introduce an added complication which is trivial in principle. 

The first step in the solution is to obtain, from Fig. 18, expressions for 
the input current, output voltage, and for the current in cach element whose 
unbalance is to be considered. A corresponding interaction generator must 
be introduced for each such clement. Thus expressions for i, i, ig, i3, and 
‘v2 must be obtained as functions of v, E1, Ex, Es, ¢1, €2 35 4 fay jz, and 
is This is no small chore, and it is easy to become enmeshed in a web of 
seemingly interminable equations unless care is taken to keep the algebra 
under control. One way to break down the analysis into manageable pieces 
is to open the feedback loop and then determine two separate expressions 
for each desired quantity, in the following way. If the loop is broken at 
the collector of Qs, as indicated in Fig. 18, a current (or voltage) i, which 
exists in any other part of the circuit when the loop is closed may be 
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obtained as 
i= Te aa lo 0) + ii, = 0] (5.3) 
where i,[iz = 0], i.[i, = 0] are the values of i, when i, = 0, i, = 0, 
respectively. This method is particularly appropriate since the first term 
on the right-hand side of Eq. 5.3 becomes negligible when the loop gain is 
very large, a result which later is helpful in making approximations. 

Even when we use this technique, the expressions for the desired quanti- 
ties in the circuit of Fig. 18 are quite lengthy, and so the procedure for 
only one of these, namely ig, will be given as an example. The two com- 
ponents of ig necessary to insert in Eq. 5.3 are found to be 


iste =) = [G+ Bed) 


pags [eee ES 
Ri + (1 + Bs) Rs 


+ 2(1 + B2)[Ro + Rill (1 + 83)Rs] (ee 


(Es — Ex + ¢3 + 2Rsjs) 


‘ax(v — ¢1) 
RF * THR 


js _\]| 1 
~ T+ Ba) | LRe + 201 + B2) [Re + Rall (1 + Bs) Ro) 
taller Fear 
isfi, = 0] = [e+ Es — ¢) — Bt (e, — Ex+es 
= 21Re + RiRIZ)|Z 6.5 


When Eqs. 5.4 and 5.5 are substituted into Eq. 5.3, the result is an expression 
for ig in the circuit of Fig. 18 with the CM feedback loop closed. Similar 
procedures lead to corresponding expressions for the other quantities of 
interest. 

The second step in the solution is to modify the various expressions to 
apply to the CM and to the DM equivalent half-circuits. Since the results 
are simpler for the DM half-circuit, these will be considered first. The 
composite equivalent half-circuit of Fig. 18 is valid for DM signals if R3, 
Rg, Rz, Bs, and j; are made zero, and if the supply voltages E, E2, and E3 
are short-circuited. In addition, since the CM feedback is inoperative for 
DM signals, G, is zero (already ensured by setting 8; = 0). These con- 
ditions lead to considerable simplifications in the expressions based on Eq. 
5.3: in particular, only the i,[i, = 0] term is required since G, is zero. 
The quantities required are i, i1, i2, and is with added subscript do, these 
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being the DM signals, in the absence of circuit unbalances, that are required 
to evaluate the interaction generators in the CM equivalent half-circuit, 
The quantities are obtained by the substitutions ¢, = Vig, ¢2 = 0, ¢3 = 0, 
e4 = Vea, jr = hia, j2 = Tea, into Eq. 5.3 along with the other restrictions 
already noted. The results are 


Va — Via ha 
G+a)R 1+ sg 
va — Via 


itgo = = ager (.7) 


jao 


ingo = — Yu (5.8) 


hha 
TA “ 


It may be verified that Eq. 5.8 for izao is indeed derived from Eqs. 5.3 and 
5.4. 


In addition, the quantities i and v2 are required with added subscript d, 


these being the DM signals, in the presence of circuit unbalances, that are 


required to evaluate the complete circuit performance parameters. The 
quantities are obtained by the substitutions e, = Vig + 5Riitco, 2 = SReizeo, 
3 = 0, ¢4 = Vea ji = ha + 8Brico,j2 = Ina + SBaisco, into Eq. 5.3 along 
with the other restrictions already noted. The results are 


+o 4 1 ak, 
ia = jag — 01 ng — ES Fie (5.10) 


wa-Vie, tha, Vea 


Ura = BaRs [as R ite RE: 


By 


7 7 5Re. 
+ faRs [as ae ico — 1 se iteo + R. ite fF tine] (5.11) 
1 2 


Bs 


Expressions for the various CM signals are obtained in a similar manner, 
but are more complicated since no elements can be omitted when the com- 
posite equivalent half-circuit of Fig. 18 is restricted to CM signals only. 
It is possible, however, to make some approximations when typical numeri- 
cal values are considered. The two components of iz, given by Eqs. 5.4 
and 5.5, will again be chosen for an example of the procedure. It will be 
noted that some of the independent generator quantities, E1, E, Es, ¢3, ¢4 
Js) appear in both Eqs. 5.4 and 5.5, although others, ¢1, j1, ja, appear only 
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in Eq. 5.4. When these two equations are substituted into Eq. 5.3 to 
obtain the actual value of ig, it is found that the terms in the quantities that 
appear in both equations are dominated by the component from Eq. 5.5, 
since they are multiplied by G, whereas those from Eq. 5.4 are not. Hence 
only terms in quantities which do not appear in Eq. 5.5 need be retained in 
Eq. 5.4. A similar argument applies when Eq. 5.3 is used to find the other 
CM currents. A 

The quantities required are i, i1, i2, and is with added subscript co, these 
being the CM signals, in the absence of circuit unbalances, that are required 
to evaluate the interaction generators in the DM equivalent half-circuit. 
The quantities are obtained by the substitutions ¢, = Vics eo = 0,¢3 = Vasey 
4 = Vee jr = Ther j2 = I2ey fs = Ise into Eq. 5.3 along with the approxi- 
mations already noted. The results are 


4 U — Vie 

0+ ie = [TERRE | 

(E+ Es — Vac) — n(Es — Ex + Vc) + 2Rolse/Bs 
BiRe 


fe he Tae 2 
T+ hat a] 6 


+6. 


‘. Ve — a| 
+ Goines = [Boe 


cg, | Gb Bea Ved) = n(Es = Es + Vee) + 2Relse/Bs 
+6, ie 
Ne Toe 
~at a+ 
: ve — Vic Ne = aa 
(+ Gin = [Tae T+h 1+h 
G (Bit Ba Va) — mB — Fa F Vad) + anh + Ral lf) 
+G R 


| (6.13) 


(5.14) 


ane ( 2a Vie 
~ 20+ B)Re \"' Ri + IRs 
alte 2 Bt Bs = 24 
1+fi Re 


Es — Ex+ Vac — 2Rslsc/Bs _ _ Ine | 5 
+6.[ 2+ BDRr Tra) &') 


(1+ Goins =[ 
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Ro+R 
ns ra (5.16) 


Ro! = Re + Rill. + 6s)Rs (5.17) 


and in which certain other good approximations have been made, namely, 
(1 + 62)2Re >> Re and Ry >> Rs. It may be observed that m is the recip. 
rocal of the potential divider ratio connected with the voltage regulator 
action and that Re’ is the effective resistance to ground seen by the second- 
stage common emitters. 

In addition, the quantities i and v2 are required with added subscript ¢, 
these being the CM signals, in the presence of circuit unbalances, that are 
required to evaluate the complete performance parameters. The quanti- 
ties are obtained by the substitutions e: = Vie + SRiitao, €2 = dReieao, 
3 = Vie, ¢4 = Voc) dt = Ie + 5Briao, j2 = Ire + SBaiscoy Js = Toy into 
Eq. 5.3 along with the approximations already noted. The results are 


ha atid, R Ry, 
C+ Gdie = + Giee + [ Tp Bie] 


1 oy. 1 Re. Qe OB: 
e[- re 
tee Te Bs Bi Re Bs Bs in| 6.18) 


R, U, — V; J; 
ere ree [2 = ( lo — Vie te 
( P20 1 + ahs Ry “OR FIR: TT +h 


By 2 Saad Ye xy) 
R: 


ee pty as Tae my 
x 2Ry 1 B, Bs 
Bi R R: 


ito — oy ———— 


1 oi, 
Ri +2R; Ri” 


=) 


(5.19) 


The expressions for the various CM quantities may aj formidabl 
but actually the dominant terms can easily be related ih ee phpaieal om 
of the circuit. For example, (Ez — Ez + Vge)/Rz is the current in Rz, 
which is also the current in Rg, and so the current in Rg is «2(E3 — E2 + 
V-)/2Rz. The CM output voltage is therefore [Ey — a2Rg(E3 — Ez + 
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V42)/2Rz] = 15 v, as calculated in Section 5.1, and this is seen to be the 
dominant term in Eq. 5.19. The base current of Qoa or Qo» is (Ez; — Eo + 
Vs)/(1 + B2)2Rz, which is seen to be the dominant term in Eq. 5.15. 
The major contribution to izco in Eq. 5.14 is that of the three supply volt- 
ages and contains the factor G./(1 +- G.); the contribution of the CM 
input voltage v, contains the factor 1/(1 + G.), however, and thus is neg- 
ligible for large CM loop gain. Since igeo is essentially equal to the collec- 
tor current of Qiq and Qy, (except for the small isco), Eq. 5.14 explains why 
the first-stage operating current is determined primarily by the voltage 
regulator action and is little affected by the CM input voltage. Continued 
reasoning, as in Section 5.1, likewise identifies the dominant terms in Eqs. 
5.12 and 5.13. 

The third step in the solution is to climinate the interaction generator 
terms between Eqs. 5.6 through 5.9 and Eqs. 5.18 and 5.19 and between 
Eqs. 5.12 through 5.15 and Eqs. 5.10 and 5.11. This procedure gives the 
CM and DM input currents and output voltages in terms of all the internal 
and external generators. It is not necessary to write out these complete 
expressions, since only some of the terms are required at one time for 
determination of the circuit performance parameters. 

The fourth and final step in the solution is to determine the various cir- 
cuit performance parameters from appropriate terms in the expressions for 
the CM and DM input currents and output voltages. The definitions of 
the various performance parameters listed in Table I are employed with 
slight modification and extension, in order to relate them to the two-stage 
amplifier under discussion. The gains refer to the output voltages v2. and 
‘Vag instead of to Vie and V4q; a third PS rejection factor 1/H; = VealEs]/ 
(—Adga)Es is required; the CM internal independent generators include 
Voey Ie, Vgc) and Igo in addition to Vy, and J1.; the DM internal inde- 
pendent generators include Voq and I2q in addition to Vig and Tia; and the 
minus signs are omitted because of the phase reversal in the second stage. 
Evaluation of the modified expressions, through use of the equations 
obtained in the third step of the solution, leads to the following results for 
the performance parameters of the two-stage amplifier of Fig. 16. 


3 ay Ro aaRs 
(1 + G.)(Ri+ 2R3) 2Re! 
1 [outs sats ( 1 i OR *)| 
1+G,.. Ri 2Ri \it+6i bi Rit+2Rs Ri 


G [esses (%1)] (5.21) 


a (5.20) 


Aca = 


60 


a 
Aga R 82Rs 


we @82Rg BR. BRy 1 By 
(+G) (Ri 2R) \Rp Ri | 1+ 8: Bt 
R: 582" 
aie + B2)2Re’ Bo 
1 _Ri+2Rs [( By AB ae Ri Rte 2Re! *)| 
Ha, Ry 1+61 6: Ri +2R3 Ry Re Be 
(5.24) 


(5.23) 


Does, Ry 
H, (1 +G,)(Ri + 2Rs) 


(is aR, 1 th 
1+ 61 Br 


+appa eo 
mh seers a ice @)| 
Pape etaar bbe eas (526) 


[» Rv ( Ro 5B2 aR _ bRi 
aiRz \(1 + 62)2(Ro + Rr) B2 | Re Ry 


1 “3 * i Gay 
a terry or 


-S By 5) Ras 
a [a- “ Ce (1 + B2)2Re Bo += 


zi 1 wy) 


_y, lace ae 
LT +G.\( + 62)2Re’ Be 


te a Be 


Two-Stage Transistor d-c Differential Amplifier with CM Feedback 
+ Vx 1 Rs 22) Dem ae aR 
*1T+ GAG + B)2Re B2) 1+ Ge Rt 
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+i Bi /) aR 
G R: 682, 8R2_ SRi 
mee (aan eo aR: Ry 


1_ ay] aR 
1+; Bi/] aRe 


R2 Be 
* hele, + ae + B:)2Re’ Ba 


ilrta(t) ral 
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dg Blt 

1+ 8B; Bi / J cx(1 + 82) 
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(5.29) 


we oe 5.30) 
Yee = + GCI + Br) (Ri + 2Rs) 5! 
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1 
~~ GF G0 + BR + aRy ** 


Ge 
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Equations 5.20 through 5.36 describe the performance of the circuit of Fig. 
16 when driven from a zero impedance signal source. Expressions for Ai, 
Az, and Vi have not been given, since these quantities relate to the CM 
equivalent input voltage, which is of little importance because of the very 
low CM gain. 

Before interpretation of the general results, it is again useful to insert 
typical numerical values in order to determine the relative importance of 
the various terms. For the resistances and transistors in Fig. 16 that also 
appear in Fig. 8, the same values and the same unbalances are chosen, and 
they are listed in Table II. In order to maintain comparable operating con- 
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ae ae, iyvel pada ani de aianional 
Soe eer id AL TV gins wel, tgedir wie io yas, = 143 
determined in Section 5.2. ‘The directions of the unbalances in the second 
stage are taken opposite from those in the first-stage transistors, in order to 
oe ae values into Eqs. 5.20 through 5.36 leads to 
the following results. 


Ace = 6.66 X 10~* (5.37) 


G. 
1 re 
Aca = T+a [20.6(0.002 + 0.00005)] + 1+G. 


= —448 (5.38) 
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12.2 
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= —107*(30 + 0.306 — 0.05 — 0.05) 
— 10-*(0,00207 + 0.063 + 0.183) 
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(5.49) 
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= —107°(0.0636V/1_ + 1.87V2¢ + 5.61V 30) 
— 1073(18.7I1¢ — 0.374I2¢ — 0.748] 3c) 
= 107°(18Vig — 0.18524 — 0.0764114) (5.530) 


= —107*(0.01908 + 0.561 + 1.683) 
— 107*(4.68 — 0.0935 — 0.187) 
= 1073(0.54 + 0.00555 — 0.00191) (5.530) 


= -7.21 pa (5.53) 
a 10-6(0.127 + 3.74 + 11.2) 


+ 107*(—468 + 9.35 + 18.7) 
+ 107®(3.6 + 0.037 + 0.191) (5.54a) 


= —0.421 pa/°C (5.54) 
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Tag = Freres + 19.6ha) 
+ 107°(0.00561V 3. + 0.164V 2, + 0.4923.) 
+ 107*(1.8l:. — 0.03222. — 0.06613.) 3 (5.55a) 
= —107*(5.88 + 0.49) 
— 10~*(—0.00168 — 0.0492 — 0.148) 


— 107*(—0.45 + 0,00805 + 0.0165) (5.558) 
x = S575 pe (5.55) 
at 10-5 = 
or = 10-°G9.2 — 49) 
+ 10~*(—0.0112 ~ 0.328 — 0.984) 
+ 107°(45 — 0.805 — 1.65) (5.564) 
= 0.0314 ya/°C (5.56) 


It is fruitful to compare the foregoing expressions and numerical 
for the circuit of Fig. 16 (Eqs. 5.20 through 5.56) with those for ie al 
cuit of Fig. 8 (Eqs. 3.24 through 3.63). We see that the desirable results 
of CM negative feedback developed in Section 4.2 are achieved in the cir- 
cuit of Fig. 16: The CM gain Ace, the CM rejection factor H,, and the CM 
Sera bat uta ocetratess Yee and Yee are each improved by the 
re) over their values in th i 
te Pe Pith polames hr ¢ absence of CM negative feedback 
_ It must be remembered that the presence of CM feedback is not 
difference between the circuits of Figs. 8 and 16. The ee a 
second differential stage in Fig. 16 will make the results different from 
those for the circuit of Fig. 8 even if CM feedback is not employed. Thus 
if G, is zero in Eq. 5.20 for the CM gain A,., the resulting expression, which 
is the CM gain in the circuit of Fig. 16 in the absence of CM feedback 
differs from that for the circuit of Fig. 8 (Eq. 3.24) and is in fact less by 
the factor aRs/2Ro’ = 0.21. This factor may be identified as the CM 
gain of the second differential stage, and its presence explains why A,, for 
Fig. 16 (Eq. 5.37) is less than A,¢ for Fig. 8 (Eq. 3.42). by a factor greater 
than (1+). The CM rejection factor H, for the circuit’ of Fig. 16, 
in the absence of CM feedback (Eq. 5.25 with G, = 0) also differs from 
that for Fig. 8 (Eq. 3.27) because of an additional term produced by pos- 
sible unbalance in the second stage. For the values chosen, however, this 
extra term is insignificant (Eq. 5.42a), and hence the numerical value of A, 
for Fig. 16 (Eq. 5.42) is greater than that for Fig. 8 (Eq. 3.45) by a ae 
pie: ee to (1 yg? The actual factor is slightly larger than 
Bs use of the (fortuitous ial com i 
direction of the 6 unbalance in the suadi ponly Ninngeaeete 
As anticipated in Section 4.2, the effects of CM feedback on other per- 
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formance parameters of the circuit of Fig. 16 can be quite diverse. The dis- 
crimination factor F = Aga/Ace for Fig. 16 is (2.45 X 10*)/(6.66 X 10~*) 
= 3.68 X 10°, and is larger by a factor 2.2 X 10° than that for Fig. 8. 
The high value of this factor is a result not only of CM feedback, but also 
of the reduced CM gain and the increased DM gain afforded by the second 
differential stage. On the other hand, the output fractional unbalance 
U = 1/FH, = —0.183%, although improved, is reduced in the circuit of 
Fig. 16 by only a modest factor from the value 1.27% in the circuit of Fig. 
8. This is because the DM rejection factor for Fig. 16 is actually consid- 
erably poorer than that for Fig. 8 (Eqs. 3.44 and 5.41), a result largely 
offsetting the improved value of F. The poorer DM rejection factor for 
Fig. 16 can be traced directly to the 8 unbalance in the second stage (Eqs. 
5.24 and 5.41a), an effect not present in the circuit of Fig. 8. Moreover, 
CM negative feedback, however great, is powerless to reduce the output 
fractional unbalance below a finite minimum. From Eqs. 5.20 and 5.24, 
U = 1/FHa = Aco/AaaHa and tends to (882/B2)/(1 -+ 82) as Ge tends to 
infinity. ‘The reason such a limit exists is that the seat of the interaction 
effect caused by unbalanced second-stage A’s lies outside the CM feedback 
loop. A similar conclusion was reached by Birt'* with respect to unbal- 
ances in harmonic generation in the second stage of a push-pull amplifier. 

The DM equivalent input voltage Va; in the circuit of Fig. 16 is seen to 
be dominated by the unbalance in the first-stage base-emitter voltages (Eq. 
5.46c), as was the case in the circuit of Fig. 8 (Eq. 3.50). It may hence 
seem that the formidable collection of terms in Eq, 5.29 can be drastically 
pruned. As was mentioned in Section 3.4, however, if accurate matching 
or compensation techniques are employed, this dominant term can be greatly 
reduced, thus exposing lesser contributions. The most important of these 
is the contribution from the unbalance in the second-stage base-emitter volt- 
ages Voa (Eq. 5.46c), and it may be noted that the factor Ry/oR2 which 
multiplies Veg in Eq. 5.29 is identified with the first-stage DM gain. The 
interaction terms in Eq. 5.29 are displayed so that cach coefficient is divided 
into two parts, one of which is multiplied by 1/(1 -+ G.), and the other 
by G./(1 + G,). From Eq. 5.46a it is clear that when both parts are pres- 
ent the one multiplied by 1/(1 + G-) is always negligible. This is a result 
of the particular numerical values chosen for illustration, however, and even 
slightly different values of component unbalances could nullify the present 
dominant part and expose the minor contributor. 

The temperature drift of the DM equivalent input voltage, 9Va\/AT, is 
of even greater interest than its initial value. From Eq. 4.57a, this per- 
formance parameter is again dominated by @V14/dT. If this contributor 
is largely eliminated by matching or compensation, however, those pro- 
duced by Iya, Ties Zea; I2ey and Ize all become significant. It should be par- 
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ticularly noted that both the first- and second-order contributions 
deco tagsuciel ty tua toe ak oleae cone 
stage, but are of equal importance with the first-stage contributions of J; 
and Ihe. Use of silicon transistors in the first stage is the usual means of 
reducing drift caused by saturation currents; we see, however, that silicon 
transistors must be used in all stages in the circuit of Fig. 16 if drift from 
this cause is to be significantly reduced. 
Similar remarks apply to the DM input current Jaz and its 

drift 1ai/8T as to Va; and 8Va;/8T. Both Ja; and a1g;/8T are dominated 
by the contributions of Via (Eqs. 5.55 and 5.56a), as was the case for the 
circuit of Fig. 8, unless matching or compensation exposes lesser contribu- 
tions. There is again, however, a fortuitous and almost-complete cancel- 
lation of the terms produced by Jig and J), in the expression for a/a;/8T. 
The CM input current /.; and its temperature drift Ale;/AT in the circuit 
of Fig. 16 are dominated by the contributions of /;, (Eqs. 5.53¢ and 5.54a), 
although the lesser terms differ considerably in origin from those in the 
corresponding equations for the circuit of Fig. 8 (Eqs. 3.60 and 3.61). The 
lesser terms become more important if silicon transistors are used. 
; ‘The PS rejection factors in the circuit of Fig. 16 differ considerably both 
in nature and in magnitude from those in the circuit of Fig. 8. In the cir- 
cuit of Fig. 8 two supply voltages E, and E» are required; the PS; rejection 
factor Hy is infinite (Eq. 3.30), and the PS» rejection factor Hs is equal to 
the CM rejection factor H, (Eq. 3.31). In the circuit of Fig. 16, three 
supply voltages Ej, Es, and E3 are required; each possesses a finite rejec- 
tion factor, and in addition none of them is even as large as He for the cir 
cuit of Fig. 8 (Eqs. 3.45, 5.43, 5.44, and 5.45), although the operating con- 
ditions are the same. The consequent necessity for the provision of more 
stable supply voltages for the circuit of Fig. 16 may be considered the price 
paid for improved performance in other respects. The reason for the greater 
sensitivity to the supply voltages may be traced to the regulator action 
described in Section 5.1. The collector currents of the first-stage transis- 
tors are directly related to all three supply voltages, and any unbalances in 
the elements through which these currents flow will therefore introduce DM 
equivalent input voltages. It is seen from Eqs. 5.26 through 5.28 and 5.43 
through 5.45 that the dominant terms in Hy, H, and Hy are those produced 
tneeneeeene sent Be. 

sensitivity of the DM equivalent input voltage to the voltage 
i Cada hepsns nape averted ames «aaa 
for correcting first-order unbalances.*.!? To illustrate, suppose that in the 
circuit of Fig. 16 all unbalances are zero except for Via, the unbalance in 
the first-stage base-emitter voltages. The CM and all the PS rejection 
factors are then infinite, since all homologous circuit elements are balanced, 
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and the DM equivalent input voltage Vg; is equal to — Via, all other terms 
being zero in Eq. 5.29. Since the DM gain Aaa is 2.45 X 10° (Eq. 5.39), 
the DM output voltage vag in the absence of an externally applied signal 
would be —73.5 v if Vie-30 mv. However, this would saturate the 
output and it is therefore necessary in effect to buck out the equivalent 
input voltage of —30 mv to bring the DM output voltage to zero. We 
may do this by purposely unbalancing Re so that the PS rejection factors, 
which are then no longer infinite, introduce the requisite bucking voltage. 
‘The required condition is that the total DM equivalent input voltage Va 
be zero: 

. 1 1 aay m 

a Vat 77 Bi + 7, Bs + 7 Fa = 0 (5.57) 
Substitution of Vg; = —Via and the 6R»/Re terms from Eqs. 5.26 through 
5.28 leads to 


G_Ry (E, + Es) — (Es — Es) 

Viet a ARE Re 6Re=0 (5.58) 
This relation is easily interpreted physically: [(Z2 + Es) — n(E3 — Es)\/ 
Rg is the CM collector current of each first-stage transistor (see Section 
5.1); 6Re times this is the interaction generator DM voltage introduced by 
the unbalance in Ry. Hence the DM equivalent input voltage is this inter- 
action voltage divided by the first-stage DM gain a R2/R1. Solution of 
Eq. 5.58 gives the requisite unbalance in Re as 5R2/Rz = 0.314. The 
desired result of bringing the DM output voltage to zero has thus been 
accomplished, but, unfortunately, the CM rejection factor H, is no longer 
infinite. The relevant expression, obtained from Eq. 5.25, is 


1 Ri 6Re 
H, ~ TF G(R FAR) Re Noe 
‘The percentage unbalance in Ry is rather too large for this equation to be 
accurate, but at least an approximate value of H, can be obtained as He ~ 
104, or 80. db. ‘This method of adjusting the DM output voltage is there- 
fore not recommended, both because of the degraded CM rejection factor, 
and because the adjustment in any case is inherently dependent on the sta- 
bility of the supply voltages. 

The analysis of this chapter has so far led to expressions for the perform- 
ance of the amplifier of Fig. 16 in the absence of signal source impedance. 
The inclusion of finite source impedances, and their effects on the overall 
amplifier performance, are discussed next. 
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5.4 Performance Parameters for the Combined Two-Stage 
Amplifier and Source 


Ages Ve and Vou to the amplifier CM and DM input voltages v, and vg are 
as given in Eqs. 3.85 through 3.98. For the circuit of Fig. 16, we nee 
only substitute the numerical values for the amplifier input admittances an 
currents, The overall performance from source voltages to amplifier out- 
put voltages is then obtained by combining the results for the amplifier witl 
those for the source, as was done in Section 3.4 for the circuit of Fig. 8. 
Since the procedure for the two-stage amplifier is the same as that for 
the single-stage circuit, the intermediate numerical results for the source 
will not be presented, and instead the final results for the overall perform- 
ance will be stated by substitution into Eqs. 3.112 through 3.121. These 
equations give the quantities that appear in the relations 


1 
Ve = Acct (vm + Vor + Ha vw) (5.60) 


1 
Vea = Aaa (ves + Va + a) (5.61) 


1 1 

Vee = Veo + me st Fi Ey (5.62) 
1 

Va = Vau+ A +f ii Ey (5.63) 


The amplifier output voltages are v2- and v4, and both the CM and DM 
gains are positive for the two-stage amplifier of Fig. 16. Expressions for 
Vests Ai» and Ay are not given since, as previously mentioned, the CM 
gain is so low that the CM equivalent input drift is of little interest. 

‘The same numerical values for the source impedances as in Section 3.3, 
given in Table III, will be assumed. Since the amplifier DM input admit- 
tance yaa for the circuit of Fig. 16 is the same as that for Fig. 8, the source 
DM “gain” daze = 0.912 as before. Since the amplifier CM input admie- 
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tance Yee is even smaller than in the single-stage circuit, the source CM 
“gain” Accs is even closer to unity than before. The results are as follows. 


Acct = AcesMee * Ace 
= 6.66 X 107% 
Aaat = AaasAaa 
= 0.912 X 2.45 x 108 
= 2.23 x 108 
eee eer.” f 
Hu Hay Acestla 
1 0.912 
3 1.49 X 107% 
ae, 
1.63 X 10~* 
tlt, Ae 
Ha Hex Aaastle 
ait ete tonal en don, 
~ 1.67 X 10°" 0.912 X 1.46 X 10° 
pe MY 
7.4 X 108 
dads calles, calbie 
Hy Hy Aaasthy 
~ 743 X 10° * 0.912 X 4.75 X 10 


1 
0.912 X 1.59 X 10% 


= yas x 108 * 


1 
* 0.915 X 108 


(5.64) 
(5.65) 
(5.66) 


(5.67) 


(6.68) 


ieee 
Hy Hs,  AaaHs 
pee SS ES) 
3.72 X10 0.912 X 2.38 X 10° 
wes ele 
1.37 X 10° 


1 
Van = Vaie + ae Vaz 


30.5 
Fy ky eee 
( 52 — Fora) mY 


= —30.9 mv (5.79) 


aVaie ( 0.205 . 
Tr 0.0368 + oar) mv/°C (5.80) 


= 0,188 mv/°C (5.81) 


A 
R= 3 (5.82) 


= 3.35 X 10° (5.83) 


1 
FiHa Ca 


= —0.00183, or —0.18 % (5.85) 


Examination of these results shows, for the circuit of Fig. 16, that the 
presence of the particular values of source resistance chosen has little effect 
on the CM gain A.<:, the DM gain Aga, the DM rejection factor Ha, or 
consequently on the discrimination factor F; or the output fractional unbal- 
ance U;,. Likewise, the chosen source has little effect on the DM equiva- 
lent input voltage Vj, although its contribution to dV ai:/AT is significant. 
The same remarks also apply to the results for the circuit of Fig. 8, as dis- 
cussed in Section 3.4. However, all three PS rejection factors in the cir- 
cuit of Fig. 16 are significantly affected by the source, a result which is to 
be expected because of the dependence of the amplifier CM and DM input 
currents on the supply voltages. The CM negative feedback does not 
alleviate these effects, and indeed is the cause of them. On the other hand, 
the CM rejection factor H.; is larger by more than an order of magnitude 
than any of the PS rejection factors, even though the contribution from the 
source is significant. This result verifies the prediction of Section 4.3 that 


U= 
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the degradations in Het produced by both the amplifier and the source are 
reduced substantially by CM negative feedback. 

It has been shown in the preceding sections that a specific configuration 
of a two-stage differential amplifier exhibits performance with respect to 
discrimination factor and CM rejection that is greatly improved by the 
presence of CM negative feedback. These benefits are obtained at the 
cost of greater sensitivity to the various PS voltages, however. As a sup- 
plementary topic, we consider in the next section some effects on the equiv- 
alent input DM drift voltage of transistor current gain temperature depend- 
ence, a problem ignored in the previous analysis. 


5.5 Effects Due to Temperature Dependence of the 
Transistor Current Gains 


In establishing the numerical values for the single-stage d-c differential 
amplifier displayed in Table II we mentioned that the temperature depend- 
ence of the transistor common-emitter current gains may be significant. 
‘This dependence has been neglected throughout the foregoing analyses of 
the single-stage and two-stage d-c differential amplifiers. Inclusion of the 
dependence in the analysis leads to considerable further complexity; it is 
nevertheless possible by qualitative reasoning to establish approximate 
expressions for the magnitude of the effects on the equivalent input DM 
temperature drift. 

‘Let us reconsider the two-stage amplifier of Fig. 16. We have seen in 
Section 5.1 that the voltage regulator action of the CM feedback loop tends 
to keep constant the collector currents of the first-stage transistors Qi, and 
Qu. For the numerical values chosen, each collector current is about ima. 
Tf the rate of increase of the common-emitter current gain with temperature 
is taken to be 0.25 %/°C (within the typical range 0.2 to 0.5 %/°C described 
in Section 3.2), the resulting change of base current at constant collector 
current is —(20 wa X 0.0025)/°C = —50 na/°C, since the base current 
is approximately 20 pa for a current gain of 50 (neglecting the saturation 
current). Note that the base current decreases with rising temperature. 

The base current temperature dependence we have derived is effectively 
a component of a[-i/AT and therefore will give rise to a corresponding com- 
ponent of equivalent input DM drift through any unbalance in the source 
resistances. In addition, there may be an unbalance in the current gain 
temperature of the two first-stage transistors Qi. and Qy. If 
they differ respectively by minus and plus 10% from the mean value 
0.25%/°C, there will be a component of dla;/aT equal to +5 na/°C. There 
will in turn be a corresponding component of equivalent input DM drift 
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through the balanced source resistances. The relevant relation i 3 
which, when differentiated with rehechinaciteaheelee Se 


Olay _ Zde — Zec%aaVee Aes 

aT 1 + eecyee | OT Cag 

For the numerical values given in Tables II, III, and IV, taa = 0.5 ky 

He —0.05 k, and the zac term is dominant in the coefficient of o1.:/AT, 
] 


OVain _ (-0.5 
or 5 X +5) — (—0.05 X —50) = —5 mv/°C (5.87) 


This contribution to the total equivalent input DM tem; i 
r , 4 perature drift 
8Vau/8T is considerably in excess of the value 0.188 mv/°C calculated 
as due to other effects (Eq. 5.81), and therefore is dominant for the numeri~ 
cal values chosen. It may be noted, however, that had the unbalance in 
tte ee bees in the opposite direction (zue = +-0.05 k instead 
-0. >the contribution of current gain temperature dependence would 

have canceled out. a 

Effects arising from ite current gain variations in the second differential 
stage may be investigated ina similarmanner. The voltage lator action 
jpn prin amipaerdiecen ee 
constant at about 1 ma, and if the same 6-dependence on temperature 
of 0.25%/°C is assumed, each base current will change at —50 na/°C, 


These changes must be accommodated by Qia and Qi, since the currents” 


in Rg and Ry, remain constant, so that the CM component of the first 
stage base current increases at 1 na/°C for a 8; of 50. This component of 
41,;/8T and the component of a14;/8T produced by unbalance in second- 
stage B-variations are seen to be small compared with those produced by 
first-stage A-variations. Additional contributions to equivalent input DM 
temperature drift arise from the current variations in the resistances Ria 
and Ryp caused by the first and second stages; however, the magnitudes of 
these contributions are small compared with those already calculated. 


5.6 Conclusions 


The basic properties of single-stage and differential i 
have been defined and discussed in the preceding. chaprers, “Athongl 
detailed treatment has been presented only for transistor circuits, the 
methods are equally applicable to vacuum-tube amplifiers. 

2 The values employed in the numerical examples have been chosen to 
illustrate the many properties and effects to be expected in differential 
amplifiers, and it must be remembered that the magnitudes of many of these 
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effects, and particularly their relative magnitudes, are extremely sensitive 
to the magnitudes and also to the directions of the arbitrarily assumed 
unbalances. Considerably improved performance may be obtained from 
the same amplifier configurations merely by choosing different transistors 
and different operating points. Some possibilities are discussed in the 
following. 

Use of silicon instead of germanium transistors immediately alleviates 
problems produced by the saturation currents, since these are three or four 
orders of magnitude smaller in silicon than in germanium units. As a 
result, equivalent input DM voltage drifts from this source can be dis- 
counted for reasonably low source resistances, in spite of the stronger tem- 
perature dependence of the saturation currents in silicon transistors. Sili- 
con transistors in matched pairs, mounted in one can for close thermal 
coupling, provide unbalanced base-emitter voltage temperature dependences 
as low as 5 or 10 uv/°C, a vast improvement over the 200 yv/°C employed 
in the numerical examples. Since this source of equivalent input DM drift 
has been seen to be important, considerably better drift performance can 
obviously be obtained by using matched pairs of transistors, particularly in 
the first stage. 

Drift produced by current gain variations with temperature have been 
seen to be dominant, however, and a more suitable choice of operating point 
is helpful in reducing this effect. The basic temperature dependence of 
the current gain must be accepted, but if the operating collector current is 
reduced the temperature variations of the base current will be correspond- 
ingly reduced. Modern silicon transistors maintain reasonable magnitudes 
of current gain at collector currents as low as 5 or 10 ya, with resulting 
base current temperature dependences of about 1 na/°C, instead of the 
value 50 na/°C employed in our numerical examples. In the two-stage 
amplifier of Fig. 16, the collector currents of Qyq and Qy, are determined 
primarily by the load resistances Re, and hence low collector currents are 
achieved by using high values of Re. Additional benefits result, from a 
circuit point of view, since the first-stage DM gain and the CM loop gain 
are both increased. In order to minimize equivalent input effects origi- 
nating in the second stage, it is also desirable to lower the operating cur- 
rents of Qoq and Qs», which is accomplished by increasing Rg and Rz. 

It is not possible to discuss here the multitude of modified, improved, and 
extended differential-amplifier circuits that have been developed for use not 
only as d-c amplifiers, but also as a-c amplifiers, and for many other sys- 
tem functions. Each such configuration poses an analysis and design prob- 
lem in itself, and our intention has been to introduce, develop, and illustrate 
a general method for the analysis of unbalanced symmetrical circuits, a 
method that permits the treatment of such circuits in general with reason- 
able algebraic simplicity. 


Appendix | 


Proof of the sequential analysis 


method for symmetrical circuits 


with small-percentage unbalances 


A formal proof of the sequential method for analyzing unbalanced sym- 
metrical circuits may be developed as follows. A proof of the bisection 
theorem for balanced symmetrical circuits is included as a special case. 
Figure 19 shows the essential features of a symmetrical circuit in which a 
branch containing a self impedance , a transfer impedance 2, and an inde- 
pendent generator V is representative of each side, and 2g and 2, are repre~ 
sentative of impedances that are, respectively, bridged between and common 
to each side. Although the circuit of Fig. 19 is symmetrical in form, it is 
not symmetrical in magnitude, and the unbalances are represented by anti- 
symmetric increments + 62, 62; in the typical elements 2 and z. Further, 
the internal independent generators may not be equal and are distinguished 
as Vq and V; on sides a and b respectively. Similarly, the external driving 
sources v may be different on the two sides and are distinguished as Uq 
and vp. 

Mesh equations may be set up in terms of arbitrary mesh currents. . . ii, 
ij,..+, ete. where homologous currents may not be equal and are distin- 
guished by subscripts a and b. ‘The dependent generator in Fig. 19 is arbi- 
trarily taken to be a function of a branch current (iy — iy) on the same side. 
The mesh currents through the representative bridging impedance zy are 
common to both sides and are given a subscript d instead of a or 6. There 
is no loss of generality in showing a common node between the external 
independent generator v and the representative branch containing the 
impedance 2. 

‘The notation provides that the mesh equations for the complete circuit 
can be divided into two groups which are symmetrical in form, one for each 
side, The group for side a, with only the relevant terms displayed, is 
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+b Gil +2 + B2)ins — (@ + being ++ +++ — Biphty — Bigiag — Tiriar + 
= — Git 82) (jeu — jax) — Vo 
>] bt)ias + (ij! + + b2)iag «+++ — Zipiap — Zjai i 
= Shi — Soe 
= +t ba) mio) + Vee 
Haase Renee — 2pilass + + +++ Zp jing: +. 22pp'+2<)iap—2aiag: gs 
= 0° Zpins — Zpsinge 
besoin sin eS oy — Bgilas + +++ + — Zasaj — Baldy + (22qq! +24) ig’ 
= +++ — Zoilos — Lezhng* > ~ 
+b Gre! + Ze)iar i (Al) 
In this group 24,’ = [zi — (2 + 52)], where z,; is the total self impedance 
of mesh i; similarly, 2; = [255 — (= + 62)], and 2p’ = (Zr — 2). 
Meshes p and q each lie half in side a and half in side b, hence zp, is defined 


as the total self impedance in one-half of mesh p, and then Zpp’ = (pp — 


24/2); similarly, 29q/ = (2yq — 24/2). 
fh y: eq = %a/2) 


+t (Bid! + Bias — Biggs = 22 = ipl — Zigidg — irkar 

= —b2(ie; — inj) — d21(iau — fax) — Vo 
ob Gill + B)ing — Binge + Bipiay + Zigiaa — iriver 

= +62(io: — inj) + d21(inu — ine) — Vi 
abe il” hae a ~ Fivlap — Zjalda — Zrhar 

= +62(iai — inj) + 82e(iau — jas) + Va + U0 
tom Bite Ht (By! + Ding -- ++ Biplap + Bjaiaq — Brive 

= —b2(i: — inj) — b2c(iou — ine) + Vo +r» 
His — Bpiat — Zpjag ++ + (22pp' + 2d)idp — Zaidg 

= +++ — Spikes — Bpsing: > 
sine sr — Bpilts — Zpjhnj +-- — (22pp! + 2a)iap + aida 

= +1 Spilat — Bpjlags > 
sate — Pailai — Zasiaj ~~ Baiay + (22qq' + 2a)iag 
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sepa — Zqiibi — Zojing «~~ + Baldy — (220 + 2aiag 

= 00+ Sgtlas — Zajtag* 
+b Gre’ + 2c)iar + = —Zelor 
+b (Spe! + Be)ines > = —2Zcder 
The next step is to convert this set of equations from representation in 
terms of sides a and b into representation in terms of the CM and DM 
currents and voltages. This is accomplished by addition and subtraction 
of each pair of equations in the set. ‘At the same time, representative CM 
and DM currents i, and ig are defined by 

, eatin, ia ia — in (A.3) 


ier ed: 


and the representative unbalanced independent generators are replaced by 
CM and DM equivalents defined by 


Va — Vo (A) 


ralett, rye 


ey a wecks ny gs * (A.5) 
2 2 

This procedure results in a set of equations that can be divided into a CM 

group and a DM group: 


sob Gis! + 2)ics — Bieg: +++ = Birker 
= —b2(iai — taj) — S2(ian — fav) — Vo 


++ = Sieg + (By! + D)icg: «+++ — Barker 
= +82(iai — iaj) + 521(iau — jae) + Ve + Ve 


see (Gee! + 22e)ior «+ = 0 (A.6) 
+b (il + 2)ias — Biaj ++ +++ eee — Ziplap — Zigiag — Piriar-** 
= —b2(iei — icf) — S21(iew — tev) — Va 


som Bias + py Diagn ree = Bplay — Bjalda — Zirkar® ° 
= +bx(ics — icj) + b2e(iew — tev) + Va + va 
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=0 
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There are several conclusions to be drawn from these two groups of 
equations. First, suppose that the circuit elements, though not necessarily 
the independent generators, in sides a and b of the original circuit are sym- 
metrical in magnitude as well as in form, so that 4z and 62; are each zero, 
Equations A.6 then permit solution for the CM currents i, as functions of 
the CM generators V, and ve. However, the reduced Eqs. A.6 could have 
been written immediately from the original circuit in Fig. 19 by considering 
only one side, by writing a subscript ¢ instead of a or b, replacing 2, by 22, 
and setting zg = ©. This last requirement results from the absence of 
the currents igp and ig, in any of Eqs. A.6; hence these currents can be set 
equal to zero by making zg infinite. Similarly, Eqs. A.7 permit solution 
for the CM currents ig as functions of the DM generators Vgand vg. How- 
ever, the reduced Eqs. A.7 could have been written immediately from the 
original circuit by considering only one side, writing a subscript d instead 
of a or , setting z, = 0, and replacing 2g by z4/2 and connecting the center _ 
tap of zg to ground. ‘his special case therefore constitutes a proof of the 
bisection theorem for symmetrical and balanced circuits, in which the analy- 
sis may be based on a “‘common-mode half-circuit” and a “‘differential-mode 
half-circuit.” 

Next, suppose that the original circuit is not balanced, in which case the 
unbalance terms on the right hand sides of Eqs. A.6 and A.7 must be retained. 
It is seen that element unbalances introduce “interaction” terms between 
the CM and DM signals. Physical interpretation of Eqs. A.6 and A.7 
shows that the interaction terms in Eq. A.6 can be accounted for by ficti- 
tious generators introduced at appropriate places in the CM half-circuit. 
These fictitious generators are independent as far as the CM signals are 
concerned but are dependent on the DM signals. Analogously, the inter- 
action terms in Eq. A.7 may be accounted for by fictitious generators intro- 
duced in the CM half-circuit. Thus the bisection theorem can still be 
invoked and the complete solution obtained for the unbalanced symmetrical 
circuit in terms of the various interaction generators. Figure 20 shows the 
CM and DM half-circuits including the fictitious generators that account 
for the unbalances. 

However, the magnitudes of the interaction generators are not known 
explicitly: Eqs. A.6 cannot be solved unless (ig; — igj), etc., are known from 
the solution of Eqs. A.7, and Eqs. A.7 cannot be solved unless (ic; — ic), 
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etc., are known from the solution of Eqs. Ab. Thus simultaneous solution 
of Eqs. A.6 and A.7 is required. To simplify this process it is assumed 
that 52, Ve, and Vgare zero so that only the unbalance zis to be considered. 
No loss of generality is incurred by this simplification, since the process can 
in principle be repeated with inclusion of these terms. ‘To solve directly 
for the current differences (ies — ici), (iai — ia), ete. it is convenient to 
rearrange Eqs. A.6 and A.7 with the definitions 

jem = fot — fej bon = hes hej (A.8) 


fam = igi — fag tan = has + hay (A9) 


‘The relevant terms in the resulting equations for meshes i and j are 
ot (42) ion + (22) jeg: — tee“ —Otiom 


n (4+ 2) ion + (22) ew s+ tee = Hition te (AIO) 
2 


Pie (# + 2) im + (#2) iant\* — Zjpidp: + = +82iem + Va (A.11) 


A further simplification is to add the first equation to the second in each 
group, and the resulting two groups are then 


ne + 2) jen iv (#) fosannnsscs = Biren’ += — Siam 


vo (SH) en (ELE at igs Cr + em 


sesh (See!  2te)icr += 0 (A.12) 


oo (¢ + 2) jm + (¥) fants teers —Zipiap: ++ = —O2iem 


ud (2) am + (BF) ite itso += va 


seek grrliae = 0 (A.13) 
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The solution for iem from Eq. A.12 is then 
Mciom = —82iam Seim + Ve Sejm (A.14) 


where Ac, Acim, and Acjm are the CM half-circuit determinant and the 
appropriate minors. Similarly, the solution for igm from Eq. A.13 is 


Adiam = —82icm Agim + Va Sajm (Als) 
If now jamo and fem are respectively defined as the values of iam and icm 


in the balanced symmetrical circuit (6z = 0), then simultaneous solution of 


Eqs. A.14 and A.15 yields 


saya] Weds che 
T= (62) Acim Aaim/Be Aa aug 


— — SB icmo Saim + Va Adin 
T= (62)? Acim Aain/Be Sg (Au 


‘These results indicate that if 52 is small enough, then igm in Eq. A.14 can 


Sciom = 


Agiam 


be replaced by imo, and igm in Eq. A.15 can be replaced by iemg. With 


this proviso, the currents in the interaction terms in Eqs. A.6 and A.7 and 
in Fig. 20 can be given an additional subscript 0. This means that the cir 
cuit can be first solved as though it were balanced, and the resulting bal- 
anced branch currents then employed for the fictitious generators in the 
unbalanced circuit. Thus the right-hand sides of Eqs. A.6 and A.7 con- 
tain terms that are all known and the unbalanced circuit can be solved 
separately for the CM and DM signals. 

It remains to determine how small the unbalance must be for this pro- 
cedure to be valid. The necessary condition is that the denominator of Eq. 
A.16 or A.17 should be close to unity. How small éz has to be can be 
determined from consideration of the relevant determinants. From Eq. 
A.12 or A.13, the circuit determinant A may be written 


A= ZAim +A! (A.18) 
where the 2-dependence of A is explicit and neither Ajm nor A’ contains 2, 


and where the subscript ¢ or d is applicable as appropriate. Formulation 
of the quantity 62 Aim/A from Eq. A.18 gives 


(A.19) 


It follows from Eq. A.19 that if (A — A’)/A is less than unity, then the 
denominator of Eq. A.16 or Eq. A.17 is close to unity if 62/21. To 
examine the magnitude of (A — A’)/A, consider Eq. A.18. In most 
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cases A’ will be of the same sign as A, and smaller in magnitude, hence 
0< (A-A)/A<1. If 4’ is of opposite sign to A, or of the same sign 
but larger in magnitude, (A — A’)/A could be greater than unity, but then 
the value of z would be close to that necessary to make A = 0 and the cir- 
cuit unstable. In any case, if the value of 2 is such that the circuit is not 
close to oscillation, the condition 62/2 <1 is usually sufficient to make 
(52)? Acim Saim/AeAg < 1 and ensure the validity of the method. 

It has thus been shown that an unbalanced symmetrical circuit may be 
analyzed sequentially by bisection into a CM half-circuit and a DM half- 
circuit, in which small-percentage unbalances in homologous elements may 
be accounted for by the introduction of fictitious generators that are func- 
tions of the signals present when the circuit is balanced. A precisely analo- 
gous analysis on the node instead of the mesh basis leads to corresponding 
results for unbalanced admittances or independent current generators, 


Appendix Il 


The common-mode rejection factor 
of a single-stage vacuum-tube 


a-c differential amplifier 


Heol pols ucla Stslot 1 thse <8 presence Ons cosplay 
in tubes and transistors usually prevents the CM rejection factor fron 
becoming infinite, even when the coupling impedance is made infinite. 


verify this conclusion, and to provide an illustration of the application o : 


the sequential analysis method to tube circuits, an expression for the CM 
rejection factor of a single-stage vacuum-tube a-c differential amplifier will 
be derived. 

The circuit to be considered is shown in Fig. 5. Let the two tubes be 
characterized by unbalanced amplification factors and plate resistances as 
follows: 

Bo = w+ du 
Tpa = Tp + Oty 
wy = p— dp 
Tpb = Tp — ofp 


It is assumed that the two load resistances are exactly balanced. 

Since the a-c performance alone is to be considered, each tube may be 
represented by the usual small-signal equivalent circuit containing the plate 
resistance in series with the « voltage generator. The composite equiva- 
lent half-circuit of the amplifier is as shown in Fig. 21, where the interaction 
generators ¢; and ¢ account for unbalances in the tube amplification factors 
and plate resistances. 

The analysis problem is to find the DM output voltage vig in terms of 
the DM input voltage vg and the CM input voltage v,. From Fig. 21, 
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CM Rejection Factor of a Single-Stage Tube a-c Differential Amplifier 
the current i, is given by 
z pu — e+e. 
77, + Ri + A+ H2R 
and the output voltage v is obtained as v1 = —Rip, or 


Rr = 
Zh reraae ote 


This result is made applicable to DM signals by adding the subscript d 
and setting R = 0: 


Mu=- 


Oia a (nva — €1 + ¢2) (A.21) 


The interaction terms are given by 
£1 = 8rpipco (A.22) 
2 = bu Yeo (A.23) 
where peo and Upeo are respectively the CM values of the plate current and 
the grid-cathode voltage in the absence of unbalances. The expression for 


ipeo is obtained by making Eq. A.20 applicable to CM signals in the absence 
of unbalances, that is, by adding the subscript co and setting ¢, = ¢2 = 0: 


oot a tee OE ge gs ‘A.24) 
ino = Ri + U-FaIR Sad 


The expression for Veo is obtained from Fig. 21 as 


| _ fet Ri t2R 
Yeo = Yo — DRipes to + Rit A +4)2R 


Elimination of ipeo and Veo from Eqs. A.22 through A.25 and substitution 
for ¢, and ¢2 into Eq. A.21 gives 


v,  (A.25) 


— wea thee, 
tr +Re+(+H2R * 


- =| 
Via t+ Re BV 
Rearrangement of this result gives 


tet Rit2R (e- binant lanl a) | 26 
tpt Rit (1+H)2R TeFRLAIR 1) ine 
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The CM rejection factor is then the reciprocal of the coefficient of v, in 
Eq. A.26, or 


1 _ tm +Rr+2R (#- Tp 9) (aar 
BH, %+Ro+G+oeR\n t+RLFIRY,) “ee 


A special case of interest is the value of the CM rejection factor when 
the coupling resistance R tends to infinity: 


Iii techn 
He|p+we —w(1 + #) 


The conclusion of Parnum,* Andrew,’ and Klein"! is thus verified: Unbal- 
anced tube amplification factors lead to a finite CM rejection factor even 
when the coupling impedance is infinite. 

Also of special interest is the value of the CM rejection factor when the 
plate resistance rp tends to infinity, which occurs when pentode tubes are 
used. Since the 4 wil! also tend to infinity, it is necessary to recast Eq. 
A.27 in terms of the average transconductance gm by use of 


(A.28) 


= Smtp 
from which, since the percentage unbalances are small, 
bu _ itm 5 itp 
4 &m ™ 


Substitution of Eq. A.29 into Eq. A.27 gives 


ee 
HH. 1+k+2gmR\ gm | 1+k tp 
Ri +2R 
popes eh 5 

Tp 


k 


If now 7, tends to infinity, & tends to zero, and 


+ 
Hele 1+ 2gmR gm 
It may be noted that in this case the CM rejection factor tends to infinity 


as the coupling impedance tends to infinity, even in the presence of unbal- 
anced tube transconductances. 
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Fig. 1. Instrumentation system employing an amplifier with a single-ended input. In Fig. 3. A “grounded” strain-gauge bridge connected to an amplifier with a floating 
spite of a high amplifier input impedance, interference voltages can generate large spurious input. Interference voltages can arise in “ground loops.” 
input signals, 


Fig. 2. Instrumentation system employing an amplifier with a floating input. Currents Fig. 4. Circuit for individual amplification of the signal at each terminal of a floating 
due to interference voltages are greatly reduced. input. The two sides must be exactly balanced. 


Fig. 5. The basic differential amplifier. The cathode coupling resistance R reduces 
the common-mode gain without affecting the differential-mode gain, 


Fig. 7. Repco fhe ong easy “naan” ed 
Bring mech improved va of datiminatin Kon 


Fig. 6. Equivalent circuit of the basic differential amplifier, for incremental signals. 
‘The two sides are assumed identical. 


(6) 


Fig. 9. Common-mode, a, and“differential-mode, 5, equivalent half-circuits of Fig. 8, 
valid when the circuit is balanced. Uncontrolled generators are represented by circles, 
Fig. 8. Transistor d-c differential amplifier, an example of an unbalanced symmetrical consrolled generators by squares, 


Composite equivalent half-circuit of Fig. 8, valid when the circuit is unbal- 


Fig. 11. 
‘anced, Contains the elements of both the common-mode and the differential-mode 


Fig. 12. Equivalent circuit of a typical three-terminal signal source network. 


Equivalent of amplifier input 


Equivalent of source 


pitts Representation of Sens] sontce by 2-parameters, and of differential-amplifier 
i y-parameters, in terms of common-mod i ial-mode 
oe eee jc and differential. components of 


Fig. 14. Stages in the development of an equivalent realization of the emitter circuit in 
the amplifier of Fig. 8. Part a shows the original series resistance and voltage source; 
part 4, the conversion to a Norton equivalent; part ¢, the realization of the Norton cur- 
rent generator by a “‘constant-current”” transistor. 


Fig. 15. Transistor d-c differential amplifier with a “constant-current” stage in the 
emitter circuit, 


Fig. 17. Common-mode ae 
essential for calculation of the 


valent half-circuit of Fig. 16, showing 
Fi onl, 
common-mode loop gain. ly the elements 


Fig. 18. Composite equivalent half-circuit of Fig. 16, valid when the circuit is unbalanced. 


Fig. 19. ized fc f lanced ical circuit, for analysi the 
pita aad form of an unbal symmetrical circuit, lysis on rea i ead silnioat }, equivalent half-circuits of Fig. 19, 


showing interaction generators (5 


Fig. 21. Composite equivalent half-circuit of Fig. 5. Contains the interaction genera- 
tors ¢, and ¢s, which result respectively from the unbalances in ry and . 
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Table |. Definitions of the Important Performance Parameters of a 
Differential Amplifier 


er and DM gains Acc, Aaa, CM-to-DM and DM-to-CM transfer gains Age, 


=4, 0a Ag we Velval 
Ve a 

Ag, = Viale Ag wx Valval 
Ade Uo Aaa Vd 


DM and CM rejection factors Ha, He: 


J tcltal _ Aca JL valved _ Ade 
Ha (—Acc)va Ace He (—Ada)ve Aaa 


PS, and PS, rejection factors Hh), Hs: 


At ulEy JL els] 
Ay (—Aaa)E1 Hz (Aad) Es 


Discrimination factor F and output fractional unbalance U: 


Aaa vielva] ded 1 
Oa fap Ee 
Aaa * cualea) ~ daa ~ Fa 

CM and DM equivalent input voltages V_i, Vai, produced by internal sources: 
*elVieslic,Viarlia] vralViasla Viele) 

peantes) inca aes 

CM and DM equivalent input voltages Vee, Vue, produced by external sources 
other than the input signals v, and vg: 


= VielE Es) ie vralEs,Es) 


(-4e) ae =" (Aaa) 


Ver 


Vow 


1 1 1 1 
a7 btah = 7 ft 7 
Total CM and DM equivalent input voltages V,, Vg, produced by internal sources 
and external sources other than the input signals vj, and vg: 


Ve = Veit Veo Va = Vai + Vac 


Tables 
Table | (Continued) 


CM and DM input admittances yes Jady (CM-to-DM and DM-to-CM transfer 
input admittances Ydes Yed* 


Yee 


= ied 
Ve 


ied 
Yae Ye 
CM and DM input currents Ii, Jai, produced by internal sources: 
Tet = ic{V test 1esV rasa) Tai = ia{VisaslrasViresle] 
CM and DM input currents Jee lao produced by external sources other than the 
input signals ve and va: 
Too = ic{E1,E2) Tae = ia{E1,E2) 
Total CM and DM input currents J, la, produced by internal sources and external 
sources other than the input signals v and va: 


I, = leit leo Ta = lai + lao 


Table II. Example Set of Numbers for the Single-Stage d-c Differ- 
ential Amplifier of Figure 8 lai 


Ri=01k Rr = 10k Rs = 10k 

6Ry OR: 

R= 7001 a = +001 Ry = 100k 
Vie = 0.3 v Nie = 0.25 ma 


Vig = 0.03 v ha = 0.025 ma 


av al 
om = 0.002 v/°C of = +0.025 ma/°C 


av, al, 
a = —0.0002 v/°C a = +0.0025 ma/°C 
Ey =20y 


Ey = 20v 


Table Ill. Example Set of Numbers for the Differential Signal 
Source of Figure 12 


R a 
Steen aR = Re= Re 0005 k 


Res 2 
Rl={5 k 


Table IV. Example Set of Additional Numbers for the Two-Stage 
d-c Differential Amplifier of Figure 16 

Rs = 0.05 k Ro = 10k 

Rr=Sk Rg=5k 

Vog = 0.3 v Ing = 0.25 ma 


Vog = —0.03 v Tog = —0.025 ma 


OV 26 alee 
or —0.002 v/°C or 0.025 ma/°C 


Vea lea o 
7" 0.0002 v/°C or = —0,0025 ma/°C 


Bo = 50 G, = 14.3 


B3 = 50 Ie = 0.25 ma 


E,=20v Es=20v 


Andrew, A. M., 86 
Antiphase, see DM. 


Balanced symmetrical circuit, 4, 16 

Base-emitter voltage, of transistor, tem- 
perature dependence, 29 

Birt, D, R., 12, 49, 67 

Bisection theorem, 16 


Cathode-coupled amplifier, see Differential 
amplifier 
Cathode-coupled phase inverter, 6 
CM equivalent half-circuir, 16, 54, 80 
CM equivalent input voltage, 22, 23 
temperature drift of, 32 
CM gain, 4, 6, 22 
effect of CM negative feedback on, 47 
(CM input admittance, 24 
effect of CM negative feedback on, 49 
CM input current, 24 
temperature drift of, 33, 68 
CM loop gain, 48, 53 
(CM negative feedback, 4, 12, 47 
effect, on CM gain, 47 
‘on CM rejection factor, 48 
on CM and CM-to-DM input admit- 
tances, 49 
‘on discrimination factor, 49 
‘on output fractional unbalance, 49 
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CM rejection factor, 11, 22 
effect of CM negative feedback on, 12, 
48 


CM signal, 4, 16 

CM source impedance, 35 

CM-to-DM input transfer admittance, 24 
effect of CM negative feedback on, 49 

CM-to-DM source transfer impedance, 35 

(CM-to-DM transfer gain, 22 

Common-emitter T equivalent circuit, of 

transistor, 17 

Common-mode, see CM 

Composite equivalent half-circuit, 25, 54 

Constant-current pentode, 7 

Constant-current transistor, 45 

Cross-coupling. 9, 12, 18 

Current gain, of transistor, 17 
temperature dependence, 30, 73 


Difference amplifier, see Differential am- 
plifier 
Differential amplifier, 2 
as a balanced symmetrical circuit, 4 
performance parameters of, 21, 59, 108 
unbalances in, 9 
Differential input admittance, 34 
Differential-mode, see DM 
Discrimination factor, 7, 23, 67 
effect of CM negative feedback on, 49 
DM equivalent half-circuit, 16, 54, 80 
DM equivalent input voltage, 22, 23, 54 
temperature drift of, 32, 67 


4 


DM gain, 4, 6, 22 
DM input admittance, 24 
DM input current, 24 
temperature drift of, 33, 68 
DM rejection factor, 22 
DM signal, 4, 17 
DM source impedance, 35 
DM-to-CM gain ratio, see Discrimination 
factor 


DM-to-CM input transfer admittance, 24 
DM-to-CM source transfer impedance, 35 
DM-to-CM transfer gain, 22 

Drift, see Equivalent input drift 


Electroencephalography, 2, 7 
Emitter-coupled amplifier, see Differential 
amplifier 
Equivalent half-circuit, CM, 16, 54, 80 
composite, 25, 54 
DM, 16, 54, 80 
Equivalent input drift, CM, 32 
DM, 32, 67 


Floating input, 2 
Floating ourput, 4 


Goldberg, H., 7, 12 
Ground loop, 3 


Hilbiber, D. G., 47 


Inphase, see CM 

Input drift, see Equivalent input drift 

Input transfer admittance, CM-to-DM, 24 
effect of CM negative feedback on, 49 

DM-to-CM, 24 

Interaction generators, 19, 80 

Interference, 2 

Inversion gain, 23; see also CM-to-DM. 

transfer gain 


Klein, G., 23, 24, 47, 86 


Offner, F. F., 4, 12, 23, 24, 47 
Open-base saturation current, of transistor, 
v7 
temperature dependence, 29 
Output fractional unbalance, 23, 67 
effect of CM negative feedback on, 49 


Differential Amplifiers 
Parnum, D. H., 11, 12, 23, 86 


tial amplifier, 21-25, 108 
of single-stage transistor d-c differential 
amplifier, 3034 
total (including signal source), 40-44 
of source, 37-38 
of two-stage transistor d-c differential 
amplifier with CM negative feed- 
back, 63-68 
total (including signal source), 71-73 
Phase inverter, cathode-coupled, 6 
Power-supply rejection factor, 23 
Push-pull amplifier, 6, 12, 67 


Rejection factor, CM, 11, 22 
effect of CM negative feedback on, 
12, 48 
DM, 22 
PS (power supply), 23 


Saturation current, open-base, temperature 
dependence of transistor, 29 

Sequential analysis method, 20 

proof, 77 
Single-ended input, 2 
Single-ended output, 2 
Slaughter, D. W., 14 
Source performance parameters, see Per- 


formance parameters 
Source transfer impedance, CM-to-DM, 35 
DM-to-CM, 35 
Strain-gauge bridge, 3 
Symmetrical circuit, balanced, 4, 16 
sequential analysis of, 20 
unbalanced, 18 


Telemetry, 7 
Temperature dependence, of transistor 
base-emitter voltage, 29 
of transistor current gain, 30, 73 
of transistor open-base saturation cur- 
rent, 29 
‘Temperature drift, of CM equivalent input 
voltage, 32 
of CM input current, 33, 68 
of DM equivalent input voltage, 32, 67 
of DM input current, 33, 68 


Index 
T equivalent circuit, common-emitter, of 
transistor, 17 
Total performance parameters, see Per- 
formance parameters 
‘Transfer admittance, input, see Input trans- 
fer admit 
‘Transfer gain, 10, 22 
CM-to-DM, 22 
DM-to-CM, 22 
‘Transfer impedance, see Source transfer 


impedance 
‘Transistor, base-emitter voltage, 17 
temperature dependence of, 29 
common-emitter T equivalent circuit, 17 
current gain, 17 
temperature dependence, 30, 73 


‘Transistor d-c differential amplifiers, 16; 
see also Differential amplifiers 

‘Transmission factor, 23; see also CM rejec- 
tion factor 


Unbalanced symmetrical circuits, 18 
sequential analysis method of, 20 
proof, 77 
Unbalances, 9 


Virtual ground, 17 


